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Nesta dissertação, um programa de otimização já existente foi empregue de modo a minimizar 
a energia consumida durante uma dada missão. Inicialmente,  o algoritmo de otimização apenas 
devolve os valores otimizados das variáveis de projeto referentes à hélice, e nenhum 
constrangimento no desempenho da missão pode ser imposto. Assim sendo, dois principais 
objetivos são estipulados nesta tese. Primeiramente, permitir a otimização de variáveis de 
projeto referentes ao sistema propulsivo, de modo a efetuar a correspondência adequada com 
a hélice.  Por conseguinte, é necessário criar duas bases de dados, uma com as especificações 
do motor elétrico e outra com as especificações do motor a combustão, de modo a desenvolver 
modelos empíricos dependentes the certas variáveis de projeto. Estas variáveis são então 
introduzidas no algoritmo de optimização, para que sejam otimizadas em conjunto com os 
parametros de projeto da hélice. O segundo objetivo estabelecido é adicionar certos 
constrangimentos relativos ao desempenho da missão, para possibilitar ao utilizador o 
constrangimento de certos parâmetros dentro de cada iteração do algoritmo.  
 
Ambas as bases de dados foram criadas com sucesso, obtendo-se assim os modelos empíricos 
desejados, apesar de estes possuirem um determinado erro associado aos coeficientes das 
funções. As variáveis de projeto selecionadas para serem introduzidas no algoritmo foram a 
potência útil máxima e a velocidade do motor máxima no caso dos motores a combustão, e a 
corrente máxima e a constante de velocidade do motor no caso do motor eléctrico. Os 
constrangimentos da missão foram também calculados e introduzidos dentro do algoritmo, 
sendo que este otimiza de acordo com o espaço viável definido pelo utilizador.  
 
O programa atualizado devolve, para um dado conjunto de constrangimentos relativos ao 
desempenho da missão, a solução do motor que corresponde às variáveis de projeto otimizadas 
da hélice, e seleciona um motor real a partir da base de dados criada. Os resultados obtidos 
confirmam que os modelos empiricos dos motores revelam-se bastante pragmáticos, 
possibilitanto boas correspondências para com a solução ótima, apesar de não serem perfeitas.  
As variáveis de projeto e a função objetivo convergem corretamente para uma solução estável, 




















In this dissertation, an already existing optimization software is employed to minimize the total 
energy consumed at a certain given mission. Initially, the optimization algorithm only returns 
the optimized design variables for the propeller specifications, and no mission performance 
constraints can be defined. Hence, on this thesis, two main objectives are stipulated. One is to 
enable the optimization of certain engine/motor design parameters to match the propeller. 
Thus it is required to create two data bases, one with the IC engine specifications and another 
with the electric motor specifications, in order to develop empirical models as functions of 
certain design variables. These engine design variables are then inputted into the optimization 
algorithm, to be optimized alongside the propeller parameters. The second objective 
established is to add certain mission performance constraints, to enable the user to constrain 
certain parameters inside the algorithm iterations.  
 
Both data bases were successfully created, and all empirical models obtained, although with a 
certain error associated with the coefficients of the functions. The design variables selected to 
be introduced in the algorithm, which are the inputs of the empirical models, were rated power 
and rated engine speed for the IC engine, and maximum allowed current and the motor speed 
constant for the electric motor. The mission constrains are also calculated and inputted inside 
the algorithm, optimizing according to the feasible space defined by the user.  
 
The updated software now returns, for a given set of mission constraints, the engine solution 
which matches the optimized propeller parameters, and selects a real engine from the database 
created. The results obtained confirmed the practicality of the engine empirical models, given 
good matches, although not perfect, to the optimum solution reached. The design variables 
and the objective function are converging correctly to a stabilized solution, according to the 
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?̅? Coefficient Vector of the 𝑝 Equation  
?̅? Coefficient Vector of the 𝐽𝑚𝑎𝑥 Equation   
𝛾𝑚𝑎𝑥𝑟𝑒𝑓  Maximum Rate of Climb Angle Constraint Reference  [°] 
𝛾𝑚𝑎𝑥 Maximum Rate of Climb Angle                                               [°] 
𝛾 Rate of Climb Angle                                               [°] 
𝛿′𝑚𝑎𝑥  Mission Required Throttle  
𝛿𝑡𝑢𝑟𝑛 Engine Throttle for a Sustained Turn    
𝛿 Engine Throttle   
 ̅ Coefficient Vector of the 𝐶𝑝0 Equation  
 SQP Algorithm Tolerance Error  
 ̅
Coefficient Vector of the  
𝑚𝑎𝑥 Equation  
 
𝑚𝑎𝑥 Maximum Propeller Efficiency   
𝑝 Propeller Efficiency   
 Motor Efficiency   
𝑝𝑖𝑡𝑐ℎ Blade Chord Angle                                               [°] 
𝜇 Friction Coefficient   
𝜌0 Air density at Sea Level                                                           [𝑘𝑔 𝑚
3⁄ ] 
𝜌 Air density                                                            [𝑘𝑔 𝑚3⁄ ] 
𝜔 Angular Velocity                                        [ 𝑟𝑎𝑑/𝑠 ] 


































1.1 Motivation and Focus 
Since the beginning of the 20th century, when the first developments in aeronautical sciences 
started and the first airplanes were constructed, engineers have always tried to improve 
aircraft performance, while simultaneously diminishing its energy consumption. This is a 
continuous aim throughout history, as men possess a need to improve and perfect any scientific 
work which may be useful, serviceable and profitable to the overall community. Hence aircraft 
optimization is a highly studied field, in order to find the best design conditions which grant 
the best possible outcome.  
However, optimizing the innumerous design variables which condition an aircraft, no matter its 
size, proves to be quite challenging. At a designing phase, all parameters interrelate, having 
oftentimes inverse relations with each another. This means changing a variable at a certain 
field may considerably affect another at a seemingly unrelated section. Thus optimizing an 
aircraft design parameters requires a multi-disciplinary optimization which takes into account 
various different dependent variables. 
Aircraft optimization may prove very costly in terms of time and calculations, but in the last 
decades it has been specially improved, due mostly to the improved technology and resources 
provided by many different computer simulators. Therefore, after the creation of optimization 
algorithms which facilitated immensely the analysis between the various relations of the design 
variables, in relation to a certain objective function, many optimization softwares were 
created. Still, the majority of them only consider one simple condition, like one fixed altitude, 
or one single stage of flight. Optimizing an aircraft for an entire operating mission which 
considers the whole flight envelope is a much more ambitious goal. Mission optimization 
softwares are not so easily available and are much scarcer. Henceforward, in this dissertation 
the performance of an aircraft will be optimized for a full operating mission, and for the 
resulting optimized solution it will be found the most suitable propulsion system in order to 
minimize the total energy spent.  
1.2 Objectives  
In this dissertation, an already existing optimization software was used to minimize the total 
energy consumed during a given mission, for two types of aircraft. One is powered by an electric 
motor, and another by an internal combustion engine. In order to do so, several modifications 
and additions must be introduced in the program. It is necessary to match a suitable propulsion 
system to the optimum solution given by the software. This optimum solution is the 
minimization of the objective function, i.e. the total mission energy consumed. The software 
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returns the optimized design values for the propeller diameter and pitch, but only for a fixed 
engine.  
 
Since the optimization algorithm has the ability to optimize the design variables that the user 
chooses to input, in this thesis the engine design parameters are added into the algorithm, and 
the resulting solution returns not only the optimized propeller diameter and pitch, but also the 
matching engine parameters.  
 
Therefore, it is necessary to create two data bases, one for the electric motor and another for 
the internal combustion engine, with a large number of data elements. Then, the relations 
between all the engine/motor variables are analyzed and investigated, in order to obtain 
certain empirical functions. These functions should return the engine specifications, dependent 
on one or more parameters. These parameters would then become the design variables, or in 
other terms the abscissas of the objective function, and all engine related calculations inside 
each iteration of the algorithm use these empirical models.  
  
When the algorithm displays the final solution for a minimum value of the objective function, 
it returns also the optimized design specifications of the engine, and so the engine selection 
will be made from the database created. The engine selected is the one most similar to the 
empirical models solution.  
 
Another addition to the program is the calculation of the mission performance variables inside 
the algorithm, to enable the user to constrain mission parameters (such at maximum speed or 
takeoff runway distance) and still obtain the intended minimum solution inside the feasible 
space.   
 
To summarize, there are two main objectives in this dissertation, in order to fully improve the 
intended mission performance: 
 
 To create two data bases, one for electric motors and another for internal combustion 
engines, in order to obtain the empirical engine models and verify if these models 
present satisfactory matches with the optimum solution. 
  
 To add the performance mission parameters calculations into the algorithm, to enable 
the user to constrain them. 
  
All programing procedures are written in FORTRAN. 
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1.3 Dissertation Layout  
This dissertation consists of five main parts. The first chapter introduces the focus and the 
objective of the thesis, and presents a very brief literature review concerning optimization 
algorithms and some concepts related to the combustion engine and the electric motor.  
 
The second chapter presents an overview on aircraft performance theory. More precisely, it 
presents the engine and propeller performance mathematical models which are used in the 
software calculations, and the mission performance model that is to be added.      
 
The third chapter presents the methodology concerning the programing procedures applied. In 
further sections, it presents the engine data bases created and the empirical models obtained, 
which were then introduced in the software. The mission performance calculations and 
constraints added to the program are also discriminated in the final section of this chapter. 
 
Chapter four presents the optimized results for two different cases of study, by applying the 
engine empirical models obtained for certain mission restrictions imposed, and verifying if the 
models present satisfactory matches. One case of study is analyzed for an UAV powered by an 
electric motor, and the other for an UAV powered by an IC engine. 
 
Chapter five presents the conclusions of the overall analysis and reflects if the objectives 




















1.4 Literature Review 
The invention of the engine was one of the most noteworthy events in history, as it improved 
significantly the distance in which vehicles could travel with much less effort and much more 
convenience. It is defined as a mechanical engineering device that converts one form of energy 
into a mechanical work, which is used to produce a pushing force called thrust [1]. Thus the 
engine propels a certain vehicle into movement, whether it is an automobile, a ship, a space 
shuttle or an aircraft. Among the many types of engines used in aircraft propulsion systems, 
two of the most relevant are the internal combustion engine and the electric motor.   
 
Since the performance of the engine/motor greatly influences the overall performance of the 
mission, properly selecting an engine to match a certain airframe and propeller is vital to an 
optimized flight performance. Hence, and taking advantage of the nowadays technology, many 
computational optimization procedures and analysis software are used to improve aircraft 
design. Optimizing the performance of an aircraft requires the use of intense computational 
simulation, in order to design and analyze complex systems that interact with one another. 
Consequently, it is essential to understand what optimization is, as well as what types of 
different computational methods were developed. Thus below follows a brief summary on the 
state of computational simulation in aircraft design, an overview on different types of 
optimization algorithms and lastly, some concepts and classifications regarding the IC engine 
and the electric motor.    
1.4.1 Brief summary on modeling and aircraft design optimization 
Before 1960, the development and analysis of aerodynamic configurations relied mostly on 
practical experiments and wind tunnel tests. As technology improved, computational methods 
provided better numerical algorithms, capable of performing faster and improved optimization 
techniques. These were, from there on, applied frequently to aircraft design optimization 
problems [2], since many formed a system too costly in time and means to analyze without the 
aid of computer processing. Researchers were then allowed to analyze phenomena which were 
before too complex to model. Exemplifying, in 1978, Raymond M. Hicks and C. A. Szelazek [3] 
were able to optimize an airfoil through a numerical optimization using a minicomputer. Later 
in the 1980s, Gary B. Cosentino and Terry L. Holst [4] performed a study on transonic wing 
configurations, using, likewise, a numerical optimization process through computational 
simulation. Computational science started then to become indispensable for the aircraft 
industry, and was greatly developed in multidisciplinary optimization in the 1990s [5]. 
 
When defining design optimization problems, it is important to properly select the objective 
function in order to achieve the intended performance [2]. Many objective functions were 
analyzed in previous works. For instance, reducing the maximum takeoff weight or reducing 
the aircraft operation costs [6, 7] are two examples. However, finding an optimization which 
considers the entire mission and flight envelope is indeed quite difficult. Most optimizations 
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are performed at a single flight condition. However, aircrafts are designed to fly different 
missions at different flight circumstances, such as altitude, speed and available throttle. 
Hence, it is essential to optimize the performance of an aircraft under multiple mission flight 
conditions. An efficient and accurate mission analysis procedure is therefore required to 
realistically model aircraft performance in optimization problems [2]. When formulating a 
problem, it must always be taken into consideration the decision variables, the restrictions and 
the objective function.  Modeling the objective function in order to maximize it or minimize it 
is very complex, as the many parameters affecting the performance present interdependencies 
between them. Hence there must always exist a balance between the various input parameters. 
1.4.2 Overview on optimization algorithms  
Optimization has a wide variety of applications and it is implemented in almost every scientific 
field, such as engineering, physics, management and design. Such wide scope of uses exists due 
to the need of obtaining the best solution for a given problem, without wasting more than the 
necessary means and time [8]. This makes optimization much more important in the resolution 
of practical procedures rather than theoretical problems [9]. In some fields, the main goal may 
be to minimize the cost of a certain product, the fuel consumption of a vehicle or the energy 
consumption of an equipment. Else it may be to maximize a certain characteristic like the 
profit of a company.  
 
However determining the optimal use of the available resources may prove a challenge, since 
real world issues present complex parameters and technical features which are too elaborate 
to formulate. With the amount of complexity and variables that can be presented at a stated 
problem, computational calculations is almost always required, since it efficiently allows the 
analysis of more complex and apparently aleatory problems. Therefore in the last century, 
computational optimization algorithms have been developed and studied [10]. 
 
To start the resolution of the problem in study, an optimal procedure is employed, which 
consists of three main parts: modeling, choosing the algorithm and running the simulator. The 
representation of the physical problem through a set of mathematical equations, which can be 
solved numerically, is the modeling phase of the problem. Then, at a later stage, it is necessary 
to select the appropriate algorithm according to the mathematical characteristics of the 
problem. Finally, it is selected a computational simulator capable of performing the calculation 
and evaluating if the proposed solution is optimal and doable [10]. Fig. 1.1 represents a 
graphical scheme of an optimization procedure. 
 







Although there are several ways to formulate the problem in the modeling phase, the most 
widely method used is to write it as a minimization of a function or a set of functions, subject 
to a series of constraints [10], in a manner such as  
 
𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 𝑓𝑖(𝑥𝑛), (𝑖 = 1,2, … ,𝑀) 
 
subject to a set of constraints like, for example, 
 
ℎ𝑗(𝑥𝑛) = 0, (𝑗 = 1,2, … . , 𝐽) 
 
𝑔𝑘(𝑥𝑛) ≤ 0, (𝑘 = 1,2, … , 𝐾) 
 
where 𝑓𝑖(𝑥), ℎ𝑗(𝑥) and 𝑔𝑘(𝑥) are in general nonlinear functions and the vector (𝑥1, 𝑥2, … , 𝑥𝑛) can 
be continuous or discrete. The function 𝑓𝑖(𝑥𝑛) is called the objective or cost function, since it 
is the property that one wants to optimize. This formulation can also be written as a 
maximization by simply replacing 𝑓𝑖(𝑥𝑛), with −𝑓𝑖(𝑥𝑛) [10]. Thus, this allows the simplification 
of a physical attribute, translating it into a set of numerical equations. The objectives, variables 
and restrictions are all identified in this phase, and the choice of the most effective algorithm 
depends on a good and efficient mathematical formulation, in order to ensure the minimized 
solutions are reachable. 
 
There is no universal algorithm which can solve every problem. Finding the correct one depends 
on the properties of the problem which is being analyzed [11]. Optimization algorithms can be 
classified in many different ways. They may depend on the type of function (linear, nonlinear, 
restricted or unrestricted), the type of variables (continuous or discrete), the techniques 
employed (deterministic, hybrid or stochastic), the solution desired (global or local 
optimization) or if the minimization relies or not in the knowledge of derivatives/gradients 
[12].  
 
Gradient-based algorithms, like the Gauss-Newton method [10], use the derivative information. 
Generally the most common used method, since it requires a lower number of evaluations of 
the objective function, and therefore a low computational cost. In contrast, gradient-free 
based algorithms, like the downhill simplex method [13], do not use the derivative information 
which will result in more complex calculations and a higher number of evaluations. It has a high 
computational cost and is used when the objective function is non-differentiable or it is trapped 
in a local minimum. 
 
Deterministic algorithms work in a mechanical and deterministic manner, without any random 
nature. Downhill simplex and hill climbing methods are good examples of deterministic 
algorithms that will reach the same final solution if they start with the same initial point. 
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However, if every time the algorithm runs with the same starting point, it presents a different 
solution, it means there is some randomness to its nature. Genetic algorithms or hill climbing 
with random restart are classified as stochastic algorithms, due to the random nature 
associated with the results they generate [14].   
 
Some problems require mixed-type or hybrid algorithms. They use the combination of 
deterministic methods and randomness, in order to achieve a more suitable solution to the case 
in study. Genetic algorithms may be hybridized with others, modifying some components of the 
other algorithm and creating a more efficient method to the specific problem.  
 
From another perspective, if the algorithm converges to a local optimum and not the global 
one, it is classified as a local search algorithm. Most deterministic methods like hill climbing 
are also local methods since it is sometimes very hard to determine the global optimum and 
instead, given a set of constraints, it is possible to achieve a satisfying local optimum for a 
particular case. If, however, some random restart is inserted to a hill climbing algorithm, it 
changes from a local to a global search algorithm. This means randomness is a crucial factor in 
global search methods [14].  
 
Another important matter to focus upon is the complexity that some objective functions may 
present. Non-differentiable functions that many times are generated from computer 
simulations, present a very high computational cost and difficult calculations. In this cases 
straightforward optimization of the cost function is not advisable. Hence, it is better to 
construct from the sample data of the objective function a mathematical model which 
substitutes the original one, being the most similar as possible and yet simpler. This new model 
is easier to optimize, but it must still be reasonably accurate so it can produce predictions and 
solutions like the original objective function. This is the surrogate based algorithm [15]. 
 
There is indeed a wide variety of optimization methods to be selected, and sometimes a 
combination of various algorithms may prove the best option. This highly depends on the 
restrictions and mathematical properties of the problem, so the selection of the algorithm is a 
significant phase that must be carefully weighted.  
1.4.2.1 Conjugated gradient algorithm 
Derivative-based or gradient-based algorithms use the information of the function derivatives. 
Such algorithms should not be selected if there is discontinuity in the objective function, which 
makes it a non-differentiable equation and therefore, may render such methods unsuitable 
[10]. The most well-known classical methods are the Newton’s Method and Hill-Climbing, while 
more modern approaches use algorithms like the conjugate gradient (CG) method, the steepest 
descent method or the Broyden–Fletcher–Goldfarb–Shanno (BFGS) method. Gradient-based 
algorithms are therefore widely used in discrete modelling [10, 16]. Since detailed 
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mathematical explanation about gradient-based algorithms is not the main focus of this 
dissertation, only a brief account on its particulars is presented below. 
 
Gradient based methods use the gradient vector of the objective function, which gives the 
partial derivatives with respect to each of the independent input parameters. In a sense it is 
the slope of the tangent line to the objective function at a certain point (design parameter 
value), and equals zero at the minimum of the objective function, which is the desired solution. 
The derivative of a function also indicates in which direction the function is decreasing or 
increasing. A partial derivative (gradient) less than zero corresponds to a decrease in the 
objective function, and therefore the algorithm has the direction in which to search for the 
minimum. However, the objective function must be non-convex or else the algorithm would be 
trapped in a local minimum [17], as illustrated below. 
 
 
Figure 1.2 Non-convex function [18] 
 
A gradient measures how much the output of a function changes if one changes the inputs in 
small proportions. The higher the gradient, the higher and steeper the slope is in the objective 
function. One common analogy used for better understanding is a descent into the bottom of a 
valley. Exemplifying, the objective is to be exactly at the bottom point of a valley in the 
minimum amount of time possible, without knowing, however, its exact location. In the starting 
point of the valley descent, one would start taking larger portions of the steepest path towards 
the bottom to save time, and as it approaches the final objective it would take less steep paths 
as it would slowly search and converge into the lowest point. A similar process occurs with 
gradient based algorithms. The higher the slope value, or in better terms the gradient value, 
the faster the algorithm learns and progresses rapidly, and as it goes nearer to the intended 
optimum point it assumes smaller gradient values, as it converges to zero and therefore to the 
solution. Henceforth, the gradient vector takes a descendent path towards the solution, 
assuming smaller and smaller values. This phenomenon is also designated as the gradient 
descent, which can prove to be quite slow in many occasions. Gradient descent is a 
minimization process that minimizes the Hessian matrix (matrix which contains all gradients) 
of the objective function, ∇𝑓𝑖(𝑥𝑛). Both the steepest descent method and the conjugate 
gradient method (CG) present this gradient descent. The difference is that the CG based 
method in particular, takes into account the history of the gradients to move more directly 
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towards the optimum. Each descent direction is modified by adding a contribution from the 
previous direction/gradient [17]. The figures below better clarify the process, assuming an 




Figure 1.5 3D representation of 𝑓(𝑥1, 𝑥2) [19] 
 
Note that in this graphical representations, the parameter variables 𝑥1 and 𝑥2 are not subjected 
to any constraints, so there is not a feasible space defined. A feasible space is a space where 
the independent variables are defined within certain constraints [20]. So if there is no local 
minimum inside this space, the solution is not feasible and there would not exit a feasible 
region for the minimum desired. Additionally, if there is indeed a local minimum, the gradients 
of the function would not converge to zero (since it is not the global minimum) but to the 
minimum solution possible given the constraints applied. Thus, it is important to consider what 
constraints values to apply to the problem and avoid design requirement bounds which impose 
too tight limits for the feasible space.  
 
Defining the feasible space within reasonable values, given the context of the problem to 
optimize, is an important step towards an efficient optimization process. Conclusively, a 
Figure 1.3 2D representantion of the solution path of 
the steepest descent method [19] 
Figure 1.4 2D representation of the solution path 
of the conjugate gradient method [19] 
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gradient based algorithm will begin at certain starting design values, 𝑥𝑛. Then it searches for 
the minimum solution desired between a set of 𝑥𝑛 values defined by an upper boundary and a 
lower boundary, i.e. 𝑙𝑜𝑤𝑒𝑟 ≤ 𝑥𝑛 ≤ 𝑢𝑝𝑝𝑒𝑟. Lastly, the optimum solution is then achieved if the 
gradients of the objective function, i.e. ∇𝑓𝑖(𝑥𝑛), converge to zero or to a very small tolerance 
error, , near zero. 
1.4.3 Internal combustion engine: concepts and classifications  
According to Williard W. Pulkrabek [1], the internal combustion engine is a heat engine that 
converts chemical energy in a fuel into mechanical energy, usually made available on a rotating 
output shaft. The chemical energy of the fuel is first converted to thermal energy, by means 
of a combustion process or oxidation, with air inside the engine. This thermal energy raises the 
temperature and pressures of the gases within, and the high pressure gas then expands against 
the mechanical mechanism of the engine. This expansion is converted by the linkages of the 
engine to a rotating crankshaft. The crankshaft, in turn, is connected to a transmission which 
transmits the mechanical output work to the desired final use. This will often mean the 
propulsion of a vehicle, such as automobiles, marine vessels or aircrafts [1].  
 
A combustion that takes place inside the engine system is designated as internal combustion  
(IC) engine. Early in the latter half of the 1700s, heat engines, including external combustion 
and internal combustion engines, suffered major developments due to the emerging of the 
railroad locomotive. However, drastically improvements of the IC engine occurred only in the 
latter half of the 1800s, with the invention of the automobile. Nowadays, different 
manufactures have produced many distinct IC engines which vary in size, geometry, style and 
operating properties. Most IC engines are reciprocating engines, due to the reciprocating 
motion of the pistons within the cylinders, which can be arranged in many different 
configurations. Reciprocating engines are classified depending on different criteria. Commonly, 
they are more frequently differentiated depending on the type of ignition and the type of 
engine cycle. Thus, they may be classified as spark ignition engines (SI) or as compression 
ignition engines (CI), and either of these two types may be classified as a two stroke engine or 
a four stroke engine [21].  
 
In SI engines the combustion process of the fuel, at each cycle, occurs by a spark generated by 
the spark plug, located in the cylinder head of the engine. The fuel used is gasoline or petrol. 
The engine works on the basis of a constant volume heat addition cycle, also known as Otto 
cycle [21]. Not only an ignition system is necessary, but also a carburetor responsible for mixing 
the air and fuel that is afterwards introduce in the cylinder through the suction stroke.  
 
In CI engines, the combustion process of the fuel starts when the air fuel mixture self-ignites 
due to high temperature in the combustion chamber, caused by high compression [1]. The fuel 
used is Diesel, since it has a low self-ignition temperature when compared to gasoline. 
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Important to note that CI engines are also comparatively heavier due to higher peak pressures 
required [22]. The engine works therefore on a basis of a constant pressure heat addition cycle, 
also known as Diesel cycle. CI engines have a fuel injector and a fuel pump, since fuel is injected 
directly into the combustion chamber at high pressure.  
 
SI and CI engines are either two stroke or four stroke engines. In four stroke engines the 
thermodynamic cycle, in order to produce one power stroke, is completed in four strokes of 
the piston or two revolutions of the shaft. In two stroke engines the thermodynamic cycle, in 
order to produce one power stroke, is completed in two strokes of the piston or one revolution 
of the shaft [22]. Comparing the two, four stroke engines have higher efficiencies for every 
cycled completed. Two stroke engines tend to produce more power for the same size of engine, 
or rather the same amount of power for lighter and more compact engines [22].  
1.4.4 Electric motor: concepts and classifications  
Electric motors are being used more frequently, since they are overall more reliable and require 
less maintenance cares. An electric motor is a device which converts electric energy shaft 
power. They operate according to the interaction between the motors magnetic field and 
current, in order to generate a rotational force. The link between electricity, magnetism, and 
movement was originally discovered in 1820 by French physicist André-Marie Ampère (1775–
1867) and later developed by Englishmen Michael Faraday (1791–1867). When an electric 
current flows through a wire, it creates a certain magnetic field. If the wire is near a permanent 
magnet, which has its own magnetic field, the two fields will interact with each other and 
create a repelling or attracting motion [23]. The direction of the motion is generated according 
to Fleming's Left-Hand Rule [24], where the second finger is the direction of the current, the 
first finger the direction of the magnetic field and the thumb the direction of the force.  
 
Furthermore, if a wire with a current flowing in one direction, is shaped like an U, then 
theoretically there are two parallel wires running through the magnetic field of the permanent 
magnet, each with current flowing in different directions. Then according to Fleming's Left-
Hand Rule the two wires will move in opposite directions, one upward and the other downward, 
and a turning motion, i.e. torque, is thus created [23]. However, the coil of wire will not fully 
rotate. Once the coil reaches the vertical position and flips, the electric current would be 
flowing in the opposite direction, so the forces would also reverse. Instead of rotating 
continuously in the same direction it would move back and forward. Thus, for every half a turn 
of the coil, the direction of the electric current through the windings must be reversed.  
 
To overcome this problem, electric motors present different operating mechanism and are 
classified according to its component parts, connections and type of current. In brief, electric 
motors can be classified between AC motors and DC motors. Although AC and DC motors serve 
the same function of converting electrical energy into mechanical energy, they are powered, 
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constructed and controlled differently. AC motors use alternating current, i.e. a current which 
periodically reverses direction, and motor speed is controlled by frequency. DC motors operate 
with direct current and are powered by ion batteries. Motor speed is controlled by varying the 
current flux, which can be controlled by altering the applied voltage or resistance (through a 
speed controller resistance). DC motors are additionally classified as brushed or brushless. A 
brushed motor uses a direct current together with a component, named a commutator, placed 
in the ends of the coil, which is responsible for reversing the electric current each time the coil 
rotates through half a turn. Electric power is delivered from the battery into the commutator 
through a pair of loose connectors called brushes, and thus the coil will rotate continuously in 
the same direction. However, the commutator presents many disadvantages. Power losses 
occur due to friction between the brushes and the commutator, which wears down the soft 
brush material. This adds to maintenance costs and reduces the motor life expectancy, which 
justifies a decline in the use of brushed DC motors. With the development of electronics, 
brushless DC motors without a commutator or brushes were created. Contrarily to a brushed 
motor, the coils do not rotate and remain static, surrounding a permanent magnet. Since the 
coils do not move, there is no need for a commutator or brushes. Instead, by changing the 
direction of the magnetic fields generated by the stationary coils, the permanent magnet 
rotates. The rotation is controlled by adjusting the magnitude and direction of the current. 
Hence, brushless DC motors present increased reliability, life expectancy, efficiency and torque 
to weight ratio, and have therefore become a popular motor choice for RC aircraft models.  
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2 Performance Models 
It is important to note that the electric motor and the internal combustion engines present very 
different performance parameters and mathematical models. A parameter is a numerical or 
other measurable factor, forming one of a set that defines a system and sets the conditions of 
its operation. Therefore the efficiency of the engine is restricted by certain performance 
parameters. Before analyzing the optimization procedure applied, a brief summary on the 
mathematical performance models already being used in the software for these two types of 
engines and for the propeller is presented below. Furthermore, the mission performance model 
which was added to the software is also latter presented.  
2.1 Internal combustion engine performance model 
Internal combustion engines typically work within a useful range of speed. The overall 
performance of the engine depends on the relation between the power developed, the engine 
rotational speed, 𝑁, and the specific fuel consumption at each operating condition, 𝑠𝑓𝑐, as 
depicted in the figure below [22]. 
 
 
Figure 2.1 Relation between IC engine performance parameters 
 
In general, the energy that flows through the engine can be summarized in two different terms. 
They are the indicated power, 𝑖𝑝, and brake power, 𝑏𝑝. 𝑖𝑝 is the theoretical maximum output 
power of the engine, available from the expansion of the gases in the cylinders without taking 
into account any friction losses, heat losses or entropy within the system [22]. 𝑏𝑝 is the actual 
power available at the delivery point, the engine crankshaft, after taking into account energy 
losses in friction, pumping, and various other factors. It presents a more practical interest as 
it is responsible for delivering the rotational speed to the propeller.  Fig. 2.2 presents graphical 










Figure 2.2 Energy Distribution in the IC Engine [22] 
 
Indicated power, 𝑖𝑝, is thus a measure of the forces that are developed within the cylinder. 
The actual useful power delivered by the engine, 𝑏𝑝, is a measure of the remaining power that 
effectively contributes to the rotational force at the shaft. [22].  
 
Engine performance can be better analyzed through a set of operating charts which illustrate 
the performance of the engine, as well as its rating operating characteristics. Engine rating 
usually indicates the highest power at which the engine delivers a reasonably good 
performance. Generally, the factors evaluated are satisfactory economy, reliability, maximum 
power (𝑏𝑝𝑚𝑎𝑥) and durability under service conditions [22]. Since IC engines generally operate 
within a useful range of speed, 𝑁, there are various operating circumstances which should be 
considered, namely if it is a maximum or normal rated operation, or if it is a full load operation. 
Commonly normal rated power designates the highest power an engine is allowed to develop 
during continuous operation, and it is achieved at a wide-open throttle regime. As for maximum 
rated power, it is defined as the highest power an engine is allowed to develop during specific 
short periods of time, like the takeoff segment. Fig. 2.3 represents the dependence of brake 
power, 𝑏𝑝, torque, 𝑄, and 𝑏𝑠𝑓𝑐 as a function of engine speed, 𝑁. 
 
 
Figure 2.3 Torque, brake power and brake specific fuel consumption as a function of engine speed [25] 
BP 
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Within the useful range of speed, power has a maximum usable value. The ratio between power 
available at a certain speed, 𝑁, to the maximum output power at this same speed is called 
load,  𝑏𝑝 𝑏𝑝𝑚𝑎𝑥⁄ , or in other terms, engine throttle, 𝛿.   
 
Another operating circumstance also frequently considered is the mission duration. For long 
periods of operation, the ideal parameter to optimize, instead of the 𝑏𝑝 and 𝑄, would be the 
engine brake specific fuel consumption, 𝑏𝑠𝑓𝑐. This would provide a greater operation time for 
the aircraft, since energy consumptions would be minimized. Analyzing Fig. 2.3, 𝑏𝑠𝑓𝑐 initially 
decreases with engine speed, 𝑁, since at this stage there is a shorter time period for heat losses 
to occur. Hence the fuel energy is more efficiently harnessed. However, for a higher 𝑁, 𝑏𝑠𝑓𝑐 
again increases due to the increase in friction losses associated with high speeds.  
 
The available engine throttle, 𝛿, also compromises 𝑏𝑠𝑓𝑐. The wider open the engine throttle 
is, the greater becomes the brake power available and thus 𝑏𝑠𝑓𝑐 will decrease, due to pumping 
losses for SI engines and constant friction losses that subtract from the indicated power, since 
𝑖𝑠𝑓𝑐 remains fairly constant. This decrease in 𝑏𝑠𝑓𝑐 is illustrated in Fig. 2.4 [26].  
 
 
Figure 2.4 Brake specific fuel consumption as a function of engine throttle [26] 
 
All these graphical representations of engine performance are generally obtained through two 
different methods, whether by using experimental results obtained from engine experimental 
tests, or by analytical calculation based on theoretical data. Ultimately, the internal 
combustion engine performance can be described through a mathematical model. The 
equations used in this dissertation are thus presented below.  
 
𝑏𝑝 is formulated through an approximated model translated by the linear regression illustrated 




Figure 2.5 Approximated linear regression for 𝑏𝑝, at sea level and full load  
 
Fig. 2.5 illustrates brake power at sea level conditions for wide-open throttle, 𝛿 = 1. Thus, the 
resulting linear equation for the presented model is given by 
 
𝑏𝑝(𝑁) [𝑊] = 𝑏𝑝𝑚𝑖𝑛 + (
𝑏𝑝𝑚𝑎𝑥 − 𝑏𝑝𝑚𝑖𝑛
𝑁𝑚𝑎𝑥 − 𝑁𝑚𝑖𝑛
) × (𝑁 − 𝑁𝑚𝑖𝑛)   (2.1) 
 
and since brake power is also a function of the available throttle, 𝛿, then at sea level 𝑏𝑝 is 
formulated as    
 
𝑏𝑝𝑆𝐿(𝑁, 𝛿) [𝑊] = 𝛿 ×  𝑏𝑝(𝑁)   (2.2) 
 
Altitude effects should also be taken into consideration. Mass flow into the engine is affected 
by the outside air density, which varies significantly with altitude. Thus, equation 2.4 accounts 
for the air density effects upon brake power according to reference [27], and is given by  
 




1 − 𝜌 𝜌0⁄
7.55
)   (2.3) 
 
where  𝜌 is the air density in [𝑘𝑔 𝑚3]⁄  and 𝜌0 the air density at sea level.  
 
After calculating brake power, 𝑏𝑝, it is possible to obtain the available torque at the rotational 
shaft, 𝑄, knowing that  
 
𝑄(𝑁, 𝛿, 𝜌) [𝑁𝑚] =
𝑏𝑝(𝑁, 𝛿, 𝜌)
𝜔
  (2.4) 
 
𝛿 = 1 










     (2.5)  
 
Hence,   
 
𝑄(𝑁, 𝛿, 𝜌) [𝑁𝑚] =
60𝑏𝑝(𝑁, 𝛿, 𝜌)
2𝜋𝑁
    (2.6) 
 
Another significant parameter when evaluating the performance of an IC engine is the specific 
fuel consumption, 𝑠𝑓𝑐. It represents the mass of fuel that is consumed by an engine per unit of 
time, ?̇?𝑓, in order to produce 1 W of power. In other words, is the fuel flow rate per unit of 
power output [22], and it measures how efficiently an engine is using the fuel supplied to 
produce a certain amount of work. The specific fuel consumption related to brake power, 𝑏𝑠𝑓𝑐, 




𝑊. 𝑠⁄ ]    =  





     (2.7) 
 
In this dissertation, 𝑏𝑠𝑓𝑐 was represented as a function of the brake specific fuel consumption 




𝑊. 𝑠⁄ ]    =  
𝑏𝑠𝑓𝑐0
𝛿0.35
    (2.8) 
 




𝑠⁄ ] = 𝑏𝑠𝑓𝑐(𝛿) × 𝑏𝑝(𝑁, 𝛿, 𝜌)  (2.9) 
2.2 Electric motor performance model 
Electric motors can be characterized by several parameters, which determine how efficiency, 
torque and power vary with motor current, 𝐼, and motor speed, 𝑁. The motor absorbs the 
electric energy generated from the power supply, transforming it into mechanical energy 
available at the end of the shaft [28]. Figure 2.6 is a graphical depiction of the overall energy 
losses, resultant from this conversion process. Motor losses are the difference between the 
input and output power. Once the motor efficiency is determined and the input power is known, 




Figure 2.6 Depiction of motor losses [29] 
 
Given the low specific energy of batteries compared with fuel, maximizing the engine efficiency 
becomes a priority. However, contrarily to an IC engine, an electric motor torque and speed 
are inversely proportional, which highly affects efficiency. Hence the inter-relations between 
the inputs parameters considerably affect the final performance, and are represented in Fig. 




Figure 2.7 Relation between the electric motor performance parameters 
 
The electric motor performance parameters, specified usually by the manufacturer, define the 
motor operating properties. All parameters can be formulated in a mathematical set of 
equations [24]. 
 
𝐾𝑣 is the motor speed constant, in 𝑟𝑝𝑚 𝑉⁄ , which represents the number of revolutions per 
minute that the motor can perform, when one volt is applied and no load is attached to the 
motor. 𝐾𝑡 is the motor torque constant that represents the ratio of torque output to current 
input, measured in 𝑁𝑚 𝐴⁄  . The electric current is defined as 𝐼 and measured in ampere,  𝐴. 𝐼0 
is the no load current, which is an electric current that also occurs when there is no load 
attached to the motor. In other words, it is the amount of initial current required to overcome 











the flow of electric current, in Ω (ohm). 𝑈𝑒𝑓𝑓 is the back electromotive voltage, measured in 
volts, 𝑉, that remains after energy losses occur due to internal resistance and friction. The 
relationship between these motor performance parameters can be illustrated through operating 
charts.  
 
Considering motor speed (in revolutions per second) as a reference parameter, it is possible to 
evaluate the evolution of one particular output variable. In order to effectively design an 
electric motor, it is essential to understand the variation of torque, 𝑄𝑚, and output power, 
𝑃𝑒𝑓𝑓, in relation to angular speed. Power is the rate at which the work is applied to the output 
shaft. In other words, it represents how fast the shaft can spin. Torque is, in another 
perspective, a measure of the force a motor can develop in order to rotate the shaft. In an 
electric motor, with fixed operating voltage, torque is inversely proportional to motor speed, 
as it is illustrated in Fig. 2.8.  
 
 
Figure 2.8 Relation between motor torque and speed [30] 
 
Therefore and considering equation 2.21, the output power will be affected and thus there 
must be a compromise between 𝑄𝑚 and 𝑃𝑒𝑓𝑓. Illustrated in the chart is the stall torque and the 
no load speed. For a fixed input voltage from a battery, the motor speed reduces as it is loaded. 
When there is no load on the shaft, the motor runs at its maximum rated speed, with no torque 
available. Further up the curve, the torque and speed of the motor correspond to a certain 
operating load. As the load changes, so does the operating point along the curve. When the 
shaft is fully loaded and not allowed to move, the speed is equal to zero and the motor is 
producing its stall torque, the maximum output torque. 
 
At this stage, the current drawn out of the battery is at its maximum, since torque and current 
present a proportional relation, represented in Fig.2.9. Motors should be operated at stall only 




Figure 2.9 Relation between motor torque and current [30]  
 
The slope of the curve represents the motor torque constant, 𝐾𝑡. It is also interesting to note 
that, as it was stated before, the initial current value is greater than zero as it represents the 
no load current 𝐼0, which is the amount of current required to overcome internal motor friction 
and resistance.  
 
Since 𝑃𝑒𝑓𝑓 is defined in equation 2.21 as the product of 𝑄𝑚 and 𝑁, an additional analysis to Fig. 
2.8 demonstrates that the output power corresponds to the area of the rectangle below the 
curve, with one vertex at the origin and the other at the operating point. The area is at its 
maximum at 1 2⁄  of the no load speed and 1 2⁄  of the stall torque. If the operating point moves 
to another direction in the curve, the area mandatorily decreases. Therefore, shaft power as a 
function of speed assumes a parabolic curve with a maximum at half of the stall torque of the 
motor, as it is represented in Fig. 2.10. The figure illustrates the relation between various 
parameters to torque. 
 
 
Figure 2.10 Relations between motor parameters to motor torque [31] 
 
The maximum efficiency point appears quite early in the chart at low torque values, as speed, 
𝑁, is always decreasing in relation to torque, 𝑄𝑚,  and 𝑃𝑒𝑓𝑓 increases only until 1 2⁄  of the 
torque load. Thus there must exists a proper compromise between the various parameters in 
order to optimize performance and increase efficiency.  
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Conclusively, achieving the optimal performance at the best efficiency value relies on a balance 
between motor speed, current and torque. The electrical motor performance can therefore be 
described as a mathematical model, which is thus presented below. 
 
In this dissertation 𝑈𝑒𝑓𝑓 was calculated by 
 
𝑈𝑒𝑓𝑓  [𝑉] =  𝑈 − 𝑅𝐼  (2.10) 
 
and when multiplied by the motor velocity constant, 𝐾𝑣, it results in the motor angular speed 
in revolutions per minute, 𝑁, given by 
 
𝑁 [𝑟𝑝𝑚] = 𝐾𝑣 𝑈𝑒𝑓𝑓     (2.11)  
 
Thus it is also possible to represent the back electromotive voltage as a function of angular 
speed by 
 
𝑈𝑒𝑓𝑓(𝑁)  [𝑉] =
𝑁
𝐾𝑣
   (2.12) 
 
However, the actual input motor voltage, 𝑈, which is the overall voltage without considering 
losses due to resistance and friction, is represented as a function of motor speed and input 
current, 𝐼, according to  
 
𝑈 (𝑁, 𝐼)  [𝑉] =  𝑈𝑒𝑓𝑓(𝑁) + 𝐼𝑅 =  
𝑁
𝐾𝑣
+ 𝐼𝑅    (2.13) 
 
Equally to the induced voltage, not all of the total current input is actually used in useful 
power. The no load current, 𝐼0, does not contribute to the actual useful current which is used 
by the motor shaft power. Hence the effective current, 𝐼𝑒𝑓𝑓 is defined as 
 
𝐼𝑒𝑓𝑓  [𝐴] = 𝐼 − 𝐼0   (2.14) 
 
Similarly to the input voltage, the input current, 𝐼, is the overall current without considering 
resistance losses. Likewise, it is formulated as a function of the motor speed, 𝑁, and input 
voltage, 𝑈, according to  






)  (2.15) 
 
Hence electric current is inversely proportional to resistance, and directly proportional to 
voltage. Finally, with the input current and voltage values, 𝐼 and 𝑈, it is possible to calculate 
the total electric power consumed, 𝑃𝑒𝑙𝑒, as 
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𝑃𝑒𝑙𝑒  [𝑊] = 𝑈𝐼   (2.16) 
 
Following the same reasoning and considering 𝐼𝑒𝑓𝑓 and 𝑈𝑒𝑓𝑓, the useful electric power, 𝑃𝑒𝑓𝑓, 
which remains after power losses throughout the motor, can be calculated as 
 
𝑃𝑒𝑓𝑓  [𝑊] = 𝑈𝑒𝑓𝑓  𝐼𝑒𝑓𝑓   (2.17) 
 
Since power and torque are related as specified in section 2.1, the available torque at the 
shaft, 𝑄𝑚, is defined by 
𝑄𝑚  [𝑁𝑚] =  
60𝑃𝑒𝑓𝑓
2𝜋𝑁
   (2.18) 
Furthermore, since the input current, 𝐼, may be formulated considering the motor torque 
constant, 𝐾𝑡, as 
 
𝐼 [𝐴] = 𝐼0 + 𝑄𝑚 (
1
𝐾𝑡
)   (2.19) 
 
then 𝑄𝑚 may also be described as a function of the input current, 𝐼, according to 
 
𝑄𝑚(𝐼) [𝑁𝑚] = (𝐼 − 𝐼0) × 𝐾𝑡    (2.20) 
 
Henceforth, with 𝑄𝑚, the actual useful power available at the shaft may be obtained. The 
motor effective power is defined as a function of the motor speed and input voltage, 𝑈, by  
 
𝑃𝑒𝑓𝑓  (𝑁, 𝑈)  [𝑊] = 𝑄𝑚(I) ×
2𝜋𝑁
60
    (2.21) 
 
Power losses occur in gear box systems, and are associated primarily with tooth friction and 
lubrication churning losses. Thus the output shaft power must take into account the motor gear 
efficiency (if there is one present), and can also be defined as   
 
 
𝑃𝑠ℎ𝑎𝑓𝑡 [𝑊] =  𝑃𝑒𝑓𝑓 × 𝑔𝑒𝑎𝑟 𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑐𝑦   (2.22) 
 
 
Last of all, the motor efficiency, , is the ratio between the shaft power and the overall power 
converted, since efficiency is the ratio of the useful work performed by a machine or by a 
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process to the total energy expended taken in.   is defined as a function of the motor speed, 
𝑁, and input voltage, 𝑈 according to    
 
 





𝐼(𝑁, 𝑈) ×  𝑈(𝑁, 𝐼)
 (2.23)  
 
2.3 Propeller performance model  
A propeller is a propulsion device that converts engine power to axial thrust via torque  transfer, 
by  means  of a set of rotating  blades  mounted  in  a  shaft  driven  by  an  engine. Thrust 
occurs as the rotating propeller captures air, a fluid, and expels it out backwards. A  pressure  
difference  is  produced  between  the  forward  and  rear  surfaces  of  the  airfoil shaped 
blades, producing the thrust that is transmitted from the blades to the shaft, and finally to the 
airframe. The more air it expels per unit of time, the more power is converted and the greater 
is the thrust available. While a propeller may appear to be a simple device, its performance 
parameters relations are complex. Below follows a general overview on the normalized 
relations between propeller parameters and their importance for the performance, as well as 
their respective mathematical formulations [26, 24, 32]. 
 
The geometry of a propeller is defined by a set of parameters, namely the propeller tip 
diameter, represented as 𝐷, the blade pitch, 𝑝, and also the number of propeller blades, 𝑁𝐵. 
𝐷 is the diameter of the circle swept by the blade tips. 𝑝 refers to pitch, often described in 
terms of units of distance that theoretically the propeller would move forward in one full 





𝜋𝐷𝑎𝑟𝑐𝑡𝑎𝑛 𝑝𝑖𝑡𝑐ℎ   (2.24) 
 
being 𝑝𝑖𝑡𝑐ℎ the blade chord angle and 3 4⁄ × 𝐷 the reference radial distance along the blade 
axis to define blade chord and blade pitch. Also, for a propeller with fixed geometry, it is 
important to take into account the propeller speed in revolutions per second (𝑁/60) and the 
advance speed, 𝑉, in 𝑚 𝑠⁄ , which is defined as the forward velocity of the propeller. With these 
two operational parameters, a non-dimensional parameter named advance ratio, 𝐽, is defined. 
The advance ratio is the distance advanced by the propeller in one revolution, made 






   (2.25) 
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Due to the complexity of the propeller performance parameters of thrust and power, efficiency 
and power are usually defined in terms of the dimensionless advance ratio,  𝐽. The propeller 
power may be defined through a power coefficient represented by 𝐶𝑝. In this dissertation, since 
the propeller diameter, 𝐷, and pitch, 𝑝, are not parameters but rather optimization variables, 
it was necessary to express 𝐶𝑝 and propeller efficiency, 𝑝,  by an estimate model dependent 
on 𝐷, 𝑝 and 𝐽 so as to optimize pitch and diameter through a sequence of algorithm iterations. 
This model, presented in reference [26], uses a polynomial approximation defined by 
 






]  (2.26) 
 






]    (2.27) 
 
where 𝐶𝑝0 is the power coefficient at a null advance ratio, 𝑝𝑚𝑎𝑥 the maximum propeller 
efficiency, 𝐽𝑚𝑎𝑥 the maximum advance ratio and lastly ?̅? and ?̅? the coefficient vectors obtained 
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−0.0542821394531
−0.8141198610786
   0.2382888347204
−0.1060271581734
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   (2.29) 
 
and 𝐽𝑚𝑎𝑥, 𝑝𝑚𝑎𝑥 and 𝐶𝑝0 are formulated as [26] 
 
𝐽𝑚𝑎𝑥(𝐷, 𝑝) = 𝛾1𝐷 + 𝛾2𝑝 + 𝛾3𝐷





3   (2.30) 
 
𝐶𝑝0(𝐷, 𝑝) = 1𝐷 + 2𝑝 + 3𝐷





3   (2.31) 
 
𝑚𝑎𝑥(𝐷, 𝑝) = 1𝐷 + 2𝑝 + 3𝐷
2 + 4𝐷𝑝 + 5𝑝
2 + 6𝐷
3 + 𝐷2𝑝 + 8𝐷𝑝
2 + 9𝑝
3   (2.32) 
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where 𝐷 and 𝑝 are limited, in inches, by 4 < 𝑝 < 101, 11 < 𝐷 < 74 and 0.27 < 𝑝/𝐷 < 1.47. The 
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   (2.35) 
 
With the power coefficient, 𝐶𝑃(𝐷, 𝑝, 𝐽), and the propeller efficiency, 𝑃(𝐷, 𝑝, 𝐽) it is possible to 
calculate the overall power available during flight operation, 𝑃𝐴, according to [26] 
 







where 𝜌 is the air density at a certain altitude. Consequently, the available propeller thrust, 
𝑇𝐴, is given by 
 
𝑇𝐴(𝐷, 𝑝, 𝐽, 𝑁, 𝜌, 𝑉)  [𝑁] =
𝑃𝐴(𝐷, 𝑝, 𝐽, 𝑁, 𝜌) 
𝑉
   (2.37) 
 
Another important subject, which is essential to understand, is that aerodynamic effects cause 
the propeller to advance at a speed that is lower than the theoretically calculated advance  
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speed. This means it is lower than the product of the propeller speed, 𝑁, and pitch, 𝑝. This 
condition, 𝑉 < 𝑝𝑁 60⁄ , represents the difference between the calculated air speed and the 
actual real speed. If the pitch value, 𝑝, increases, so does the limit 𝑝𝑁 60⁄ , and therefore the 
propeller is allowed to achieve greater values of 𝑉 [33]. Therefore, the pitch parameter 
influences speed and consequently the propeller efficiency.  
 
Shaft power is also influenced by pitch. This occurs since 𝑃𝐴 is proportional to pitch, propeller 




𝐷5. This relation demonstrates the 
importance of 𝐷 and 𝑁 60⁄ . The higher the diameter value is, the better, although it is limited 
by available space and by maximum blade tip speed. However, diameter is a fixed parameter 
for a given propeller, and the revolutions rate can only vary a little for optimum performances 
during flight operations. Therefore pitch angle is commonly the variable used to control outputs 
like shaft power (and hence propeller thrust) and advanced speed (by the condition stated 
above 𝑉 < 𝑝𝑁 60⁄ ), so as to achieve the maximum efficiency.  
 
Fig. 2.11 better clarifies the influence of pitch in the power coefficient function, 𝐶𝑝(𝐷, 𝑝, 𝐽), 








Figure 2.12 Propeller 𝑝(𝐷, 𝑝, 𝐽) for various pitch [26] 
 
As pitch increases in relation to the propeller diameter (i.e. as 𝑝 𝐷⁄  increases), 𝐶𝑝0, 𝑃 and 𝐽𝑚𝑎𝑥 
increase. Hence pitch may be adjusted depending on the flight phase in order to achieve the 
maximum possible efficiency. However this is only affordable for variable pitch propellers that 
adjust the blade angle to its optimum value for each flight stage, be it takeoff, climb or cruise. 
Low pitch, also called fine pitch, yield best for low speed accelerations (like takeoff and climb 
phase), as the blades deliver higher efficiency, 𝑝, for the smaller 𝐽 condition.  
 
Contrarily, a fixed pitch propeller (which was used in this dissertation) is the simplest propeller 
design, as the pitch angle is set at installation and cannot be changed during flight. Blade angle 
is, therefore, a compromise between the optimum pitch for takeoff, climb and cruise. Fixed 
pitch propeller cost less and are more affordable.  
There also exist constant speed propellers that are designed to automatically change its blade 
pitch to allow it to maintain a constant rate of revolution, 𝑁. Otherwise, depending on the 
amount of engine torque being produced or the airspeed and altitude at which the aircraft is 
flying, the propeller speed will normally vary.   
 
Last of all, one other design parameter to be considered is the number of blades of the 
propeller, 𝑁𝐵. It has not such a great influence as other parameters do. However it is also 
considered at the designing phase. Two or three blades are the best compromise between 
aerodynamic and structural concerns in low-speed applications.  
 
In order to achieve a good performance, a proper initial design of propeller diameter and pitch 
is extremely important, as they drastically influence all the performance parameters related 
to the propeller efficiency.  
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2.4 Mission performance model 
The performance of an aircraft is characterized by a great number of variables. However, for 
simplification purposes, below follows only the presentation of some of the parameters, the 
most relevant to this dissertation and related to the restrictions applied to the software. 
Altitude has a significant impact on the aircraft performance, since air density, 𝝆, affects the 
available thrust produced by the propeller, and in the case of an IC engine the changes in 
density of the intake air compromise shaft power. Thus initially determining the air density for 






   (2.38) 
 
where 𝑅 is the universal gas constant (287.053 𝐽 𝑘𝑔. 𝐾⁄ ), 𝑇 the air temperature in Kelvin and 𝑃 
the air pressure, in Pascal, which below the tropopause can be calculated by  
 





𝛼𝑅    (2.39) 
 
𝑃0 stands for the standard pressure at sea level (1013.25 ℎ𝑃𝑎), 𝛼 the increment on temperature 
for each meter climbed below tropopause (0.0065°𝐶/𝑚), 𝑔 the gravity constant,  ℎ the altitude 
in meters an 𝑇0 is the standard temperature at sea level (288.15 𝐾 = 15°𝐶). Commonly 
temperature at sea level not always assumes the standard value, so adding the deviation of 
temperature, 𝑑𝑇, to 𝑇0 is essential.  
 
By definition, a level flight is a flight condition in which the climb angle and the roll angle of 
the aircraft are null. A steady flight is a flight with no acceleration [35]. For a steady level 
flight the forces operating on the aircraft are balanced, as illustrated in figure 2.13. 
 
 
Figure 2.13 Force diagram for steady, level flight [35] 
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Thus in the equilibrium condition for steady level flight, weight is balanced by the lift produced, 
and the drag force is balanced by the thrust generated [36]. Hence, the governing equations of 
motion for steady level flight can be obtained from   
 
𝑇𝑅 = 𝐷   (2.40) 
 
𝐿 = 𝑊   (2.41) 
 
where 𝐿 represents the lift provided by the pressure differential between the upper and bottom 
surface of the wing, 𝑊 stand for the weight of the aircraft, 𝐷 for the drag force which opposes 
movement, and 𝑇𝑅 is the required thrust in order to overcome drag. Furthermore, drag, 𝐷, and 
therefore thrust required, 𝑇𝑅, for steady, level flight can be written as  
 
𝐷 = 𝑇𝑅 = 
1
2
𝜌𝑉2𝑆𝐶𝐷   (2.42) 
 
being  𝜌 the air density in 𝑘𝑔 𝑚3⁄ , which varies with altitude, 𝑉 the air speed in 𝑚 𝑠⁄  and 𝑆 the 
total wing area in 𝑚2 [35]. The drag coefficient, 𝐶𝐷, is obtain by the drag polar. The drag polar 
expresses the dependence of the drag coefficient as a function of the lift coefficient, or in 
other words, the relation between the lift on an aircraft and its drag [35]. It is generally 
displayed on a graphical representation or by an equation. In this dissertation, 𝐶𝐷 is calculated 
by an approximated polynomial model. Hence 𝐶𝐷 is given by    
 




   (2.43) 
 
where 𝐶𝐷𝑖 are the polynomial coefficients of the drag polar, and 𝐶𝐿
𝑖 is the independent variable. 
𝐶𝐷𝑖 is a vector given in the form  
 
𝐶𝐷𝑖 = (𝐶𝐷1 , 𝐶𝐷2 , … , 𝐶𝐷𝑖)   (2.44) 
 








   (2.45) 
 
This allows the calculation of the drag force, 𝐷, which is obtained from equation 2.42. In other 
words, 𝐷 is mainly dependent on speed, altitude (influenced by the air density, 𝜌) and weight 
[35], according to 
𝐷(𝜌, 𝑉,𝑊) = 𝑇𝑅(2.46) 
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Fig. 2.14 is an example of a graphical representation of the total drag resulting from the sum 
of parasite drag and induced drag, as a function of air speed, 𝑉.  
 
 
Figure 2.14 Total drag versus air speed [35] 
 
The total drag curve assumes this shape since the induced drag decreases with air speed 
whereas parasite drag increases.  
 
Looking more closely to equation 2.42, it is possible to observe that the air density 𝜌, which 
decreases with altitude, has a significant impact on the required thrust. For a higher altitude, 
the decreasing air density causes the value of speed at which the minimum required thrust 
occurs to increase [35]. Also, for decreasing values of air density, the propeller is less capable 
of producing thrust compared to the thrust at sea level, so as altitude increases, the available 




However, in the case of a propeller driven aircraft, the curves for required and available power 
are also often used, as they allow a better evaluation of the overall endurance and maximum 
rate of climb and climbing conditions. Since power is obtained as the product of force and 
velocity, then  
 
Figure 2.15 Effect of altitude on required power [35] 
 
Figure 2.16 Effect of altitude on available 
thrust of a propeller driven aircraft [36] 
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𝑃𝑅 = 𝑇𝑅  𝑉 = 𝐷𝑉  (2.47) 
 
𝑃𝐴 = 𝑃 𝑉    (2.48) 
 
where 𝑝 is the propeller efficiency and 𝑃𝐴  the power delivered by the engine at the shaft. 
Plotting the two curves of power as a function of air speed allows a more detailed analysis of 
significant performance speeds, such as the maximum allowed speed, 𝑉𝑚𝑎𝑥, the stall speed, 𝑉𝑠 
and the best rate of climb speed, 𝑉𝐵𝐶, for a propeller driven aircraft. 
 
 
Figure 2.17 Power available and power required as a function of air speed [37] 
 
For throttle full forward, the maximum speed which the aircraft can achieved, 𝑉𝑚𝑎𝑥, is 
determined by the high speed intersection of the 𝑃𝐴 and 𝑃𝑅 curves. If the required power 
increases due to an increase of the parasite and induced drag, the 𝑃𝐴 and 𝑃𝑅 intersection will 
occur earlier and the allowed 𝑉𝑚𝑎𝑥 decreases [35]. Furthermore, since increasing altitude means 
𝑇𝑅𝑚𝑖𝑛 will match higher speeds, then the 𝑃𝐴 and 𝑃𝑅 intersection will now occur later. Hence 
 𝑉𝑚𝑎𝑥 will increase for higher heights, below Mach 1 (for propeller driven aircrafts only) [35]. 
 
The stall speed, 𝑉𝑠,  is the minimum steady flight speed at which the aircraft is controllable. In 
aerodynamic terms, it is the speed below which the stall condition will occur, since there is a 
critical angle of attack beyond which no extra lift can be generated, due to an air flow 
detachment from the upper surface of the wing. This sets a limit on the minimum airspeed at 
which lift can be sustained, i.e. the stall speed, 𝑉𝑠. According to equation 2.45, the lift 
coefficient is inversely proportional to 𝑉2.  Thus the maximum lift coefficient, 𝐶𝐿𝑚𝑎𝑥, will occur 





   (2.49) 
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    (2.50)   
 
These were all parameters considering a level flight operation. However, regarding a steady, 
non-accelerated climbing flight, it is now important to maximize the rate of climb, 𝑅𝐶, since 
it is the vertical speed of an aircraft, which translates into the rate of positive altitude change 
per time, expressed in 𝑚 𝑠⁄ .  
 
 
Figure 2.18 Force and speed diagram for climbing flight [35] 
 
Considering Fig. 2.18, the rate of climb can be calculated considering the angle between the 
horizontal component of air speed and the actual air speed. Contrarily to a steady, level flight, 
thrust is not only balanced through drag force but also by the component of weight in the plane 
of thrust. Hence 
 
𝑇𝐴 = 𝐷 +𝑊𝑠𝑒𝑛𝛾   (2.51) 
 
where 𝛾, in degrees, is the angle between the horizontal component of air speed, 𝑉𝐻, and the 
actual air speed 𝑉. Similarly, lift is balanced by the component of weight in the plane of lift by 
 
𝐿 = 𝑊𝑠𝑒𝑛𝛾   (2.52)   
 
Since the rate of climb is the vertical component of the air speed, it can be obtain from 
 
𝑅𝐶 = 𝑉𝑠𝑒𝑛𝛾   (2.53)    
 










   (2.54) 
 
Thus, the rate of climb which equals 𝑉𝑠𝑒𝑛𝛾 can be reformulated as 
 












   (2.55) 
 
Therefore the maximum rate of climb, 𝑅𝐶𝑚𝑎𝑥, occurs when the maximum excess of power 
condition represented in Fig. 2.17 as ∆𝑃 is achieved [36].  The variation of 𝑅𝐶 with air speed is 
illustrated in the Fig. 2.19 below. The rate of climb angle, 𝛾, displays the same parabolic curve 




Figure 2.19 Rate of climb as a function of air speed [35] 
 
Interesting to note that if the excess of power, ∆𝑃, is null, the aircraft is unable to climb any 
further. This condition happens because the required and available power are dependent on 
altitude.  
 
For higher altitudes, the available thrust the propeller is able to produce will decrease, i.e. 𝑃𝐴 
decreases. Furthermore, the minimum required thrust, 𝑇𝑅𝑚𝑖𝑛, will occur at higher speeds. Since 
𝑃𝑅 = 𝑇𝑅  𝑉, this demonstrates that the required power, 𝑃𝑅, will increase for higher altitudes, as 
𝑉 must assume higher values to produce the same amount of thrust. 
 
Hence, at a certain altitude the available excess power, ∆𝑃, and consequently 𝑅𝐶 will be null, 
as represented below in point A of Fig 2.20. The maximum altitude at which this occurs is 





Another relevant flight condition beyond rectilinear motion is the level turn, one in which the 
curved flight path is in a horizontal plane, parallel to the plane of the ground (the altitude 
remains constant) [35]. The balance of the forces acting on the aircraft at level turn condition 
for a certain altitude are represented below. 
 










Hence, analyzing Fig. 2.23, on a level turn performance the aircraft is inclined in relation to 
the vertical plane according to the angle Φ. Weight is therefore balanced by the vertical 
component of lift, formulated as 
 
𝑊𝑡𝑢𝑟𝑛 = 𝐿 𝑐𝑜𝑠𝜙   (2.56) 
 
Under this condition, the vertical forces acting on the aircraft are balanced. As for the 
horizontal plane, the forces are balanced through the component specified in Fig. 2.23 as 𝐹𝑅, 
the resulting force of the vector sum of lift, 𝐿, and weight, 𝑊. The magnitude and direction of 
𝐿 are adjusted, so that the vector sum of 𝐿 and 𝑊 results in 𝐹𝑅 always being in the horizontal 
Figure 2.20 Point of null excess of power 
available, at the service ceiling altitude [36] 
Figure 2.21 Variation of maximum rate of 
climb with altitude [35] 
Figure 2.23 Balance of the acting forces on a 
level turn [35] 
 
 
Figure 2.22 Top view of a level turn [35] 
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plane [35]. The larger this resulting force, the tighter and faster the turn will be. Equation 2.56 








   (2.57) 
 
The ratio 𝐿 𝑊⁄  is a fundamental parameter in turning performance, known as the load factor, 
𝑛𝑙𝑜𝑎𝑑. The load factor is commonly represented according to the acceleration of gravity 
constants, i.e. it is expressed in 𝑔′𝑠. Essentially a load factor of 2 𝑔′𝑠 imposes that for a given 
flight condition, the aircraft structure is submitted to a lift force twice the given weight [36]. 





   (2.58) 
 
Moreover, lift can be obtain by reformulated the equation to 
 
𝐿𝑡𝑢𝑟𝑛 = 𝑛𝑙𝑜𝑎𝑑  𝑊   (2.59) 
 






2𝑛𝑙𝑜𝑎𝑑  𝑊  
𝜌𝑉2𝑆
   (2.60) 
 
Hence, reformulating equation 2.60 in order to 𝑉, is it possible to observe that the load factor 





    (2.61)   
 
and thus the stall speed, 𝑉𝑆, for a level turn condition is obtained by 
 
𝑉𝑆 𝑡𝑢𝑟𝑛 = √
2𝑛𝑙𝑜𝑎𝑑𝑊
 𝜌𝑆𝐶𝐿𝑚𝑎𝑥
   (2.62) 
 
Therefore, when the airplane is in a level turn, the a load factor is a constraint on the stall 
speed, which increases proportionally to √𝑛𝑙𝑜𝑎𝑑.  
 
One of the most practical approaches when considering load factor analysis is translated by the 
elaboration of a flight envelope diagram, also called 𝑣 − 𝑛 diagram, which represents the 
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structural limits for 𝑛𝑙𝑜𝑎𝑑 regarding air speed. The load factor is a variable that directly reflects 
in the structural sizing of the aircraft, since it is a representation of the load the aircraft 
structure is subjected to [36]. Therefore, there are two structural limitation categories which 
must be taken into account at the design phase of the aircraft. First is the limit load factor, 
𝑛𝑙𝑖𝑚𝑖𝑡, which is associated with permanent deformations on the aircraft, although without 
rupture. The limit load factor 𝑛𝑙𝑖𝑚𝑖𝑡 is a fixed parameter defined at the designing phase. Second 
is the ultimate load factor, 𝑛𝑢𝑙𝑡𝑖𝑚𝑎𝑡𝑒, which is associated with structural failure and rupture. 
Normally for safety cautions, it is recommended that 𝑛𝑢𝑙𝑡𝑖𝑚𝑎𝑡𝑒 is 50% higher than 𝑛𝑙𝑖𝑚𝑖𝑡 [36], 
which is given by  
 
𝑛𝑢𝑙𝑡𝑖𝑚𝑎𝑡𝑒 = 1.5 𝑛𝑙𝑖𝑚𝑖𝑡    (2.63) 
  
Fig. 2.24 represents an example of a typical flight envelope range and it structural limits as a 
function of air speed, 𝑉. 
 
 
Figure 2.24 Flight envelope diagram [36] 
 
The 𝐴𝐵 curve represented in the figure stands for the maximum load factor allowed by the 






1 2⁄  𝜌𝑉2𝑆𝐶𝐿𝑚𝑎𝑥
𝑊
   (2.64) 
 
Thus, if  𝐶𝐿𝑚𝑎𝑥 is exceeded at a certain speed (too high angle of attack), the aircraft will enter 
the stall condition and the air flow will detach from the upper surface of the wing.  
 
Also important to note that for 𝑛𝑙𝑜𝑎𝑑 = 1 the condition, 𝐿 = 𝑛𝑙𝑜𝑎𝑑  𝑊   , becomes 𝐿 = 𝑊, which 
is the condition for a steady, level flight. The minimum speed allowed for this state is in fact 
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the stall speed, 𝑉𝑆. Hence by substituting  𝑛𝑙𝑖𝑚𝑖𝑡 = 1 in equation 2.64 and reformulating it in 
order to air speed, the result obtained is 𝑉𝑆.  
 
The speed which intercepts the curve 𝐴𝐵 at point 𝐵, represented in the figure as 𝑉∗, is called 
the maneuver speed [36]. 𝑉∗ defines the positive limit load factor value, 𝑛𝑙𝑖𝑚𝑖𝑡, and if the speed 
increases beyond this point, the aircraft is only able to fly for values of  𝐶𝐿 < 𝐶𝐿𝑚𝑎𝑥 in order not 
to exceed 𝑛𝑙𝑖𝑚𝑖𝑡 (as it can be observed from equation 2.64). To achieve it, the angle of attack 
which influences 𝐶𝐿 is diminished as speed increases until 𝑉𝑚𝑎𝑥. Thus the limit load factor 





= 𝑉𝑆 √𝑛𝑙𝑖𝑚𝑖𝑡    (2.65) 
 
The curves 𝐴𝐸 and 𝐸𝐷 represent the maximum load factor allowed and the limit load factor, 
respectively, for negative 𝑔′𝑠.   
 
Finally, the speed represented in the figure as 𝑉𝐷 is the dive speed, limited by the line 𝐶𝐷, and 
it  is considered the critical speed to the aircraft structure. The dive speed must always be 
avoided due to the possibility of significant structural failure, and it is recommended that 𝑉𝐷 
should be 25% higher than the maximum allowed speed, 𝑉𝑚𝑎𝑥 [36].  
 
𝑉𝐷 = 1.25𝑉𝑚𝑎𝑥    (2.66) 
 
Furthermore, it is interesting to highlight the influence of altitude, ℎ, on stall speed, 𝑉𝑆, and 
maneuver speed, 𝑉∗, at which the aircraft is allowed to fly. Both 𝑉∗ and 𝑉𝑆, as it can be observed 
in equation 2.65, are inversely proportional to air density. This means both increase as altitude 
increases, due to lesser 𝜌 values [36].  
 
So far the mission performance characteristic discussed considers the aircraft in full flight 
operation. However, the particulars for takeoff, in which the aircraft rolls at ground along the 
runaway, also need to be carefully studied, as they establish an acceleration performance 
problem of different features [35]. Determining how much distance is necessary for the aircraft 
to cover until it lifts into the air is a central requirement in liftoff performance analysis. In 
order to calculate the ground roll (or in other terms the necessary takeoff runway distance, 
𝑆𝑇𝑂), understanding the acting forces on the aircraft at ground  is required. For a successful 
takeoff performance, in addition to the relation between lift and weight, the thrust force must 
overcome not only the drag, 𝐷, but also the friction force, 𝑅, resulting from the friction 





Figure 2.25 Forces acting on the aircraft during takeoff performance [35] 
 
 The friction force, 𝑅 can be obtained from  
 
 
𝑅 = 𝜇 𝑁   (2.67) 
 
where  𝜇 is the coefficient of friction between the ground and the train wheels, and 𝑁 is the 
normal reaction force exercised vertically by the ground on the aircraft. However, as the 
aircraft develops speed, the lift force, 𝐿, increases to overcome weight, 𝑊 [36]. Therefore the 
normal reaction of the ground on the aircraft, 𝑁, tends to decrease during the takeoff duration 
and the equation may be reformulated as 
 
𝑅 =  𝜇(𝑊 − 𝐿)  (2.68) 
 
The coefficient of friction varies according to the type of ground characteristics. Example of 
typical 𝜇 values for specific ground surfaces is given below [35]. 
 
 
Figure 2.26 Typical coefficient of friction for different ground surfaces [35] 
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Hence, and according to the motion equation given by the second law of Newton, where the 
product of mass and acceleration equals the resulting force, the overall relation between 
forces at takeoff stage is given by 
 
𝐹𝑅 = 𝑚𝑎 = 𝑚
𝑑𝑉
𝑑𝑡
= 𝑇 − 𝐷 −  𝜇(𝑊 − 𝐿)   (2.69) 
 
being  𝑎 the acceleration of the aircraft (variation of speed during a certain amount of time, 𝑡) 
and 𝑚  its mass.  
 
The aircraft initiates its movement at ground and accelerates until it reaches the takeoff speed, 
𝑉𝑇𝑂, after rolling through the distance 𝑆𝑇𝑂 in a certain amount of time, 𝑡𝑇𝑂. Reducing 𝑆𝑇𝑂  is 
primary objective in takeoff performance analysis, since it requires less costs related to runway 




Figure 2.27 Ground roll [35] 
 
To calculate the minimum runway distance, it is important to establish a relation which can 
provide the distance  𝑆𝑇𝑂 (represented in the figure as 𝑆𝑔), assuming a relation between the 
takeoff speed, the weight of the aircraft and the resulting actuating force. Thus performing a 
change of variable in equation 2.69 in order for it to be independent of time and dependent on 












 𝑑𝑡   (2.70𝑎) 
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   (2.71𝑓) 
 
Hence, considering that mass is the ratio between weight and acceleration constant, 𝑚 = 𝑊 𝑔⁄ , 









[𝑇𝑇𝑂 − 𝐷𝑇𝑂 −  𝜇(𝑊 − 𝐿)]
]  (2.72) 
 
where 𝑇𝑇𝑂 and 𝐷𝑇𝑂 are the propeller thrust  and drag at takeoff speed, respectively, and 𝜇 is 
assumed. 𝐷𝑇𝑂 is obtained according to a takeoff lift coefficient, 𝐶𝐿𝑇𝑂, also assumed by the user. 
 
Finally, considering that the takeoff speed must never be less than 20% of the stall speed, 𝑉𝑇𝑂 






   (2.73) 
 
where 𝐶𝐿𝑚𝑎𝑥 is achieved with flaps extended for takeoff. Substituting in equation 2.73, another 




𝑔𝜌𝐶𝐿𝑚𝑎𝑥[𝑇𝑇𝑂 𝑊⁄ − 𝐷𝑇𝑂 𝑊⁄ − 𝜇(1 − 𝐿 𝑊⁄ )]
   (2.74) 
 
Analyzing equation 2.74, the major design parameters that have an impact on takeoff ground 
roll are mainly the wing load, 𝑊 𝑆⁄ , the thrust to weight ratio, 𝑇𝑇𝑂 𝑊⁄ , the maximum lift 
coefficient, 𝐶𝐿𝑚𝑎𝑥, and air density, 𝜌 [35]. The wing load, 𝑊 𝑆⁄ , is, by definition, the gross 
weight of an aircraft fully loaded divided by the wing area, in 𝑘𝑔 𝑚2⁄ .  Since wings generate 
lift, an aircraft with a small wing area in relation to its weight will need more speed in order 
to produce the required lift. Contrarily, a large wing area related to its mass will produce more 
lift for the given speed. Therefore an aircraft with lower wing load will be able to lift off at 
lower speeds, and requires less distance for the runway roll, 𝑆𝑇𝑂. Or else, it is able to take off 
with a greater load which requires, however, higher speeds and therefore higher runway 
distance. Thus ground roll, 𝑆𝑇𝑂, is directly proportional to  𝑊 𝑆⁄ , i.e. 𝑆𝑇𝑂  ∝ 𝑊 𝑆⁄ .  
 
Thrust to weight ratio, 𝑇𝑇𝑂 𝑊⁄ , is the amount of thrust produced in relation to the aircraft 
weight and indicates the capacity of the aircraft to overcome gravity and accelerate. If an 
engine produces less thrust than the airplane weighs, the airplane must also rely on 
aerodynamic lift to overcome its weight. A high thrust to weight ratio produces more 
acceleration and excess of thrust, and thus a higher rate of climb is achieved and requires less 
ground roll distance for takeoff. Hence 𝑆𝑇𝑂 is inversely proportional to thrust to weight ratio, 
i.e. 𝑆𝑇𝑂  ∝
1
𝑇/𝑊
. Significant to note that if the aircraft weight is, for example, duplicated, the 
wing load, 𝑊 𝑆⁄ , is doubled whereas 𝑇 𝑊⁄  is halved, increasing 𝑆𝑇𝑂 considerably. This means 
ground roll is extremely sensitive to the design parameter of weight, i.e. 𝑆𝑇𝑂  ∝  𝑊
2 [35].  
 
Continuing the analysis of equation 2.74, if the aerodynamic lift produced is high, the aircraft 
will be able to produce higher lift values for less speed required, and consequently will be able 
to takeoff with less ground roll distance. So  𝑆𝑇𝑂 is inversely proportional to 𝐶𝐿𝑚𝑎𝑥, i.e. 𝑆𝑇𝑂  ∝
1
𝐶𝐿𝑚𝑎𝑥
. Additionally, it is also inversely proportional to air density, not only by the explicit 
appearance of 𝜌 in equation 2.74, but also on the predominant effect it has on thrust, 𝑇, as 





air density decreases as altitude increases, airports located at higher altitudes will require 
longer runways [35].  
 
In conclusion, 𝑆𝑇𝑂 is very sensitive not only to weight constraints, but also to altitude. Below is 




Figure 2.28 Relation between runway distance, altitude and weight [36] 
 
Figure 2.28 demonstrates that for the same distance for ground roll, 𝑆𝑇𝑂, the weight with which 
the aircraft is capable of lifting off will be less as altitude increases. In other terms, in order 
to be able to lift the same weight at higher altitudes the runway distance must increase. This 
illustrates the relations above exposed as 𝑆𝑇𝑂 ∝  
1
𝜌2
 and 𝑆𝑇𝑂  ∝  𝑊
2.  
 
Hence, similarly to the engine and propeller operating mechanisms, optimizing mission 
performance at the design stage involves a balance and weighting process of parameters that 






3 Optimization Methodology  
Optimizing an airframe design through a software that implements an optimization algorithm 
is the main focus of this dissertation. Modifications and implementations were made to an 
already existing optimization program [26], compiled in Intel Fortran. When entering certain 
design parameters, which are related to the performance of the engine, the program will then 
be able to calculate the objective function and proceed to the application of the optimization 
algorithm. Minimizing the mission energy required during flight operation is the objective 
function, and depending on the design variables and mission constraints set at the beginning, 
different solutions may be reached. When the optimum solution is achieved, a proper selection 
of the engine to match the airframe and propeller is required.  
 
Hence one of the objectives of this dissertation was to modify the software, which was giving 
the optimum solution for one specific engine, and enable it to select an engine from an 
empirical data base. For that purpose a set of equations to calculate each engine specification 
as a function of independent design variables was obtained, based on empirical data from real 
engines. Afterwards, the equations obtained were introduced in the program, in order to 
calculate the engine specifications at each algorithm iteration. These design variables are 
initially set as input design parameters, to be optimized by the optimization software. Fig. 3.1 
very briefly illustrates the overall process, with the addition modifications steps presented with 
dashed borders.  
 
 
Figure 3.1 Brief introduction of the overall optimization process 









Formulation of the 
empirical models as 


























The software modified in this dissertation already had constraints applied to the engine 
performance. Another aim of this thesis was to add the mission constraints to the software, 
through a process of iterative calculations latter described in section 3.6. Using the 
mathematical models of the propeller, the combustion engine and electric motor described 
previously in chapter 2, it is possible to calculate the objective function.  
3.1 Objective function  
The objective function in study is the minimization of the overall mission energy required, in 
Joule. In case of an electric motor this corresponds to the minimization of the product between 
electric power required, in 𝑊, and the average mission duration, in seconds. For an IC engine, 
it involves the product between the total fuel consumption 𝑓𝑐, in 𝑔 𝑠⁄ , and the average mission 
duration, in seconds. First, a brief explanation on how the software calculates the objective 
function must be given. 
 
The optimization software, before modifications were made, was giving the optimum solution 
for one specific engine, whose performance parameters were defined initially by the user. For 
IC engines, parameters such as the rated power, 𝑏𝑝𝑚𝑎𝑥, maximum engine speed at rated power, 
𝑁𝑚𝑎𝑥, and specific fuel consumption at rated power, 𝑏𝑠𝑓𝑐0, are initially defined. For electric 
motors, the user sets the initial motor specifications by defining parameters such as the speed 
constant, 𝐾𝑣, torque constant, 𝐾𝑡 (if not defined equals 0.95 × 𝐾𝑣), internal resistance, 𝑅, no 
load current, 𝐼0, maximum allowed current, 𝐼𝑚𝑎𝑥, maximum allowed voltage, 𝑈𝑚𝑎𝑥 , the battery 
cell internal resistance, 𝑅𝑈, and also the speed controller resistance, RΩ. A speed controller 
resistance can vary the rotor resistance and therefore its current flux, changing the motor 
speed, as it is better clarified in section 1.4.4. This allows the calculation of the objective 
function for these specifications, before being submitted to the algorithm. With the initial 
specifications defined, the software proceeds to the calculation of the engine performance 
parameters, according to the mathematical models stated in chapter 2. 
 
Assuming a mission with a specified number of segments [38] (for example a takeoff segment, 
a climbing segment, a cruise segment, a descending segment and a landing segment), the 
duration of the mission can be calculated through the sum of the time each segment takes to 
be completed. In the case of an IC engine, the aircraft weight in the following segment takes 
into account the loss in fuel weight, 𝑊𝑓𝑢𝑒𝑙, which decreases during mission.  
 
For a proper matching of the propeller and engine, the power absorbed by the propeller must 
equal the engine shaft power, 𝑃𝑠ℎ𝑎𝑓𝑡. For combustion engines, the engine speed, 𝑁, is adjusted 
to match this condition through an iterative process, which given an assumed engine setting, 
𝛿, allows the calculation of the engine shaft power and the available power, 𝑃𝐴. For electric 
motors, the engine current, 𝐼, is adjusted to match this condition also through an iterative 
process, which given an assumed engine setting, 𝛿, allows also the calculation of the motor 
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input voltage, motor speed, motor shaft power and propeller power, 𝑃𝐴. Then, for a minimum 
mission energy required (minimum fuel consumption or minimum electric power required), the 
propeller power, 𝑃𝐴, must assume a value as minimum as possible and consequently must equal 
the required power for leveled flight, 𝑃𝑅. The required power is calculated for each segment 
of the mission at certain air speeds, altitudes and temperature deviations from the ISA standard 
at sea level. Hence, at this stage the engine throttle, 𝛿, is corrected and adjusted to match 
this condition of minimum consumption through an iterative process. This is one of the methods 
(in software it is designated as mode 2) in which it is possible to calculate the available power, 
𝑃𝐴, given 𝑃𝑅 and 𝑉. The iterative procedure is employed for each segment of the mission. 
Afterwards the mission energy consumed can be calculated [38]. For IC engines it is given, for 
each segment, by the total fuel consumed according to  
 
𝑊𝑓𝑢𝑒𝑙𝑖  [𝑁] = 𝑓𝑐𝑖Δ𝑡𝑖 = (𝑏𝑠𝑓𝑐 × 𝑃𝑠ℎ𝑎𝑓𝑡 × 𝑛𝑒𝑛𝑔𝑖𝑛𝑒 × 𝑔)𝑖
× Δ𝑡𝑖   (3.1) 
 
where 𝑛𝑒𝑛𝑔𝑖𝑛𝑒 is the number of engines, 𝑔 the gravity acceleration constant in 𝑚 𝑠
2⁄ , Δ𝑡𝑖   the 
duration of the mission segment and 𝑏𝑠𝑓𝑐 is the brake specific fuel consumption obtained from 
equation 2.8. 
 
As for electric motors, the mission energy consumed for each mission segment is formulated as  
 
𝐸𝑖  [𝐽] =  𝑃𝑒𝑙𝑒𝑖𝑛𝑒𝑛𝑔𝑖𝑛𝑒Δ𝑡𝑖 = (𝑈 × 𝐼 + (RΩ × 𝐼
2 + 𝑅𝑈 × 𝐼
2))
𝑖
× 𝑛𝑒𝑛𝑔𝑖𝑛𝑒 × Δ𝑡𝑖   (3.2) 
 
where 𝑈 is the input voltage, 𝐼 is the input current. The electric power consumed, 𝑃𝑒𝑙𝑒, takes 
into account energy losses due to the battery resistance, 𝑅𝑈, and motor speed controller 
resistance, 𝑅Ω. Conclusively, the overall mission energy (the objective function) is given, for 









   (3.4) 
 
where 𝑘 is the total number of mission segments and 𝐸𝑖 the energy required for each segment 
of the mission. With the objective function calculated, the algorithm is then applied according 
to the design engine and propeller input parameters, as well as the mission performance 
restrictions. The software applied the FFSQP subroutines to implement the optimization 
algorithm.  
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3.2 FFSQP subroutines 
In this thesis, a gradient based algorithm (better accounted for in Section 1.4.2.1) was applied 
in the optimization procedure, through a set subroutines named FFSQP. FFSQP (FORTRAN 
Feasible Sequential Quadratic Programming) is a set of FORTRAN subroutines used for the 
minimization of the maximum of a set of smooth objective functions (in the context of this 
dissertation, the minimization of the maximum mission energy consumption), subject to general 
smooth constraints [39]. These set of constraints may be nonlinear or linear equality and 
inequality constraints, with certain boundaries limiting the design variables to be optimized. 
FFSQP applies the Sequential Quadratic Programming methodology for nonlinear optimization 
problems, which solves optimization problems in the form [39] 
 
min    max
𝑖∈𝐼
{𝑓𝑖(𝑥𝑛)}    𝑠𝑒𝑡 𝑡𝑜   𝑥 ∈ 𝑋 
 
where 𝑓𝑖(𝑥𝑛) is the objective function at each iteration and 𝑖 is the iteration number, which 
belongs to the set of discrete variables 𝐼 = {1,2, … , 𝑘}. 𝑋 represents the totality of the feasible 
space, where a set of design variables, 𝑥, are constrained according to  
 
𝑙𝑜𝑤𝑒𝑟 𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦 ≤ 𝑥 ≤ 𝑢𝑝𝑝𝑒𝑟 𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦 
 
and to a set of inequality constraints defined as 
 
𝑔𝑗(𝑥𝑛) ≤  𝑟𝑒𝑓𝑒𝑟𝑒𝑛𝑐𝑒 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡 𝑣𝑎𝑙𝑢𝑒,   𝑗 = 1,2, … ,𝑚  
⇔ 
𝑔𝑗(𝑥𝑛) −  𝑟𝑒𝑓𝑒𝑟𝑒𝑛𝑐𝑒 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡 𝑣𝑎𝑙𝑢𝑒 ≤ 0 
 
where 𝑚 is  the total number of mission constraints functions and the reference constraint 
value is the limitation set by the user for the mission parameters, which must not be exceeded. 
In this optimization problem, the SQP estimates the gradients of these functions by calculating 
the forward finite differences, presented in a very simplified manner in Fig.3.2. ∆𝑥 is the 
algorithm increment set by the user. 
 
 
Figure 3.2 Simplified scheme of the forward finite differences method used to estimate the gradient at 
point 𝑥 
∆𝑥 
𝑥 𝑥 + ∆𝑥 
𝑓′(𝑥) =






At each iteration, the gradients of the functions enable the algorithm to find the direction in 
which to proceed, 𝑝𝑖. To proceed towards the minimum, the inner product between 𝑝𝑖 and the 
gradients of the function at a certain iteration, ∇𝑓(𝑥𝑖), must be less than zero since the negative 
of a non-zero gradient is always a descent direction. In other terms  
 
〈 𝑝𝑖 , ∇𝑓(𝑥𝑖)〉 < 0 
 
indicates the descent direction of the objective function. Knowing the direction in which to 
proceed, the step length (𝛼𝑖) is commuted. The algorithm obtains a satisfactory 𝛼𝑖 if it reduces 
the value of the objective function, i.e. 
 
𝑓(𝑥𝑖 + 𝑝𝑖𝛼𝑖) < 𝑓(𝑥𝑖) 
 
While the algorithm increment, ∆𝑥, is a fixed step used to calculate the gradients, the step 
length, 𝛼𝑖, is an always changing step used to advance to the next 𝑥 which minimizes the 
function. The computation of 𝛼𝑖 is called line search, and the FFSQP subroutines can implement 
two different line search methods (monotone and non-monotone methods) [39]. If the condition 
above is satisfied, then the next 𝑥 (design variable) value is updated to   
 
𝑥𝑖+1 = 𝑥𝑖 + 𝑝𝑖𝛼𝑖 
 
and the algorithm initiates again its procedures, for a new updated design variable, and 
calculates the gradients according to the forward finite differences and the defined ∆𝑥. The 
optimum solution is achieved when the Hessian matrix of the objective function, ∇𝑓(𝑥𝑖), which 
contains the gradients of the functions at each iteration, converges to zero or to a very small 
tolerance value near zero, defined as . Fig.3.3 illustrates the overall SQP procedure, for a 
better understanding.  
 
























𝑥𝑖+1 = 𝑥𝑖 + 𝑝𝑖𝛼𝑖 
and 𝑖 = 𝑖 + 1 
 
 ∇𝑓(𝑥𝑖) 













3.3 Engine performance parameters empirical study 
The optimization software, before modifications were made, was giving the optimum solution 
for one specific engine, whose performance parameters were defined initially. In order for the 
software to be able to select from any engine from the data collected, there must exist a set 
of equations which can provide the values for these engine specifications as a function of 
certain design variables. Thus, performance data from real engines was collected and organized 
in a table format. With this empirical data, the relation between each parameter was analyzed, 
and charts were elaborated. Afterwards, the empirical models were obtained through a 
minimization of the sum of squared deviations of the predictions, which enables the 
minimization of the error associated with the coefficients. In other words, it minimizes the 
distance between the fitted line and all of the data points. Generally speaking, a model fits 
the data well if the differences between the data values and the values predicted by the model 
are as small as possible. The following sections better clarify this empirical study.  
3.3.1 Empirical data collected on engine performance specifications  
The IC engine specifications introduced originally into the optimization software for specific 
fuel consumption at full load, 𝑏𝑠𝑓𝑐0, maximum rated brake power, 𝑏𝑝𝑚𝑎𝑥, rated speed, 𝑁𝑚𝑎𝑥, 
engine mass, 𝑀, minimum speed, 𝑁𝑚𝑖𝑛, and engine gear reduction, 𝑅𝑔𝑒𝑎𝑟,  corresponded to an 
engine defined initially by the user. Thus a search for data related to these engine parameters 
was made. The data was collected from diverse IC engines. In case of larger engines, it was 
collected from operator’s manuals and data specifications sheets from Lycoming engines [40, 
41, 42, 43, 44, 45, 46, 47], from Continental Motors [48, 49, 50, 51, 52], from Rotax engines 
[53, 54, 55, 56, 57, 58], from Limbach engines [59] and ULPower engines [60]. Otherwise, in 
the case of smaller engines like RC model airplanes, the data was collected from sales 
information provided by the manufactures, from O.S. engines [61], RCFG engines [62] and 3W 
engines [63]. Rated power, 𝑏𝑝𝑚𝑎𝑥, rated speed, 𝑁𝑚𝑎𝑥, and especially the specific fuel 
consumption at full load/rated power, 𝑏𝑠𝑓𝑐0, may vary according to the type of IC engine, due 
to the different operating mechanisms that combustion engines present (briefly accounted for 
in section 1.4.3). Thus the models obtained are only an approximation, to use in the context of 
this specific optimization software.  
 
The data for engine mass, 𝑀, rated power, 𝑏𝑝𝑚𝑎𝑥, and the corresponding rated speed, 𝑁𝑚𝑎𝑥, 
were accessibly obtained for larger and smaller IC engines as they were explicitly specified by 
the manufacturer. However, the specific fuel consumption, 𝑏𝑠𝑓𝑐0, at 𝑏𝑝𝑚𝑎𝑥 and 𝑁𝑚𝑎𝑥, was not 
directly obtained as the data was not explicitly discriminated, and very hard to obtain in the 
case of smaller  engines. Therefore the empirical data for 𝑏𝑠𝑓𝑐0 was obtained from charts 
available in manuals and specifications data sheets from large engines, which illustrated the 
variation of 𝑏𝑠𝑓𝑐 in relation to engine speed, 𝑁, and engine power, 𝑏𝑝. Also, some different 
charts represented the variation of 𝑏𝑠𝑓𝑐 in relation to engine speed and available throttle, 𝛿. 














    
   
 
Specific fuel consumption at full load, 𝑏𝑠𝑓𝑐0, was obtained at each chart point which 
corresponded to the specific fuel consumption for rated power, 𝑏𝑝𝑚𝑎𝑥 (in some charts for full 
throttle), and rated speed, 𝑁𝑚𝑎𝑥,  since 𝑏𝑠𝑓𝑐0 is achieved at these conditions. Furthermore, 
unit conversions were conveniently performed to 𝑘𝑔 𝑊𝑠⁄ . The empirical data collected for 197 
engines is presented in table A-II in appendix A.  
 
Regarding the electric motor specifications, among the original parameters introduced in the 
software for a fixed motor were the mass, 𝑀, motor no load current, 𝐼0, maximum allowed 
current, 𝐼𝑚𝑎𝑥, speed constant, 𝐾𝑣, and motor resistance, 𝑅. The most accessible data was 
collected from small DC electric motors, powered by batteries (briefly accounted for in section 
1.4.4) for small UAV’s and RC models. Similarly to smaller IC combustion engines, the DC 
electric motor data was collected from sales information provided by the manufactures, from 
Turnigy, Propdrive, Keda, Scorpion and AXI electric motors, available in references [64, 65, 
66]. The empirical data collected for 294 DC electric motors is presented in table B-II in 
appendix B.  
3.3.2 Empirical correlation models for engine parameters  
After the engine parameters data was collected, a study of the empirical correlation between 
dependent and independent variables was executed. The data was analyzed in Microsoft Excel, 
which performs linear regression (least square regression) and nonlinear regression through the 
add solver tool. By calculating the sum of the squared deviations between the real and the 
predicted value, i.e. ∑ (𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑_𝑣𝑎𝑙𝑢𝑒 − 𝑟𝑒𝑎𝑙_𝑣𝑎𝑙𝑢𝑒)2𝑘𝑖=1 , where 𝑘 is the number of data 
elements, it is possible through the add solver tool to find the best fitting coefficients which 
minimize this squared sum. Afterwards, it was evaluated how close the data was to the fitted 
regression line created.  
Figure 3.4 Typical specific fuel consumptions charts provided for Lycoming O-360 and HO-360 [47] 
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Hence, the regression tools in Excel perform the transformations and display in a chart the 
resulting modeling function and the coefficient of determination, 𝑅2, which provides intuitive 
measure of how well the linear model fits a set of observations. Generally, the closer 𝑅2 is to 
100%, the better the model explains all the variability of the response data around its mean, 
providing a reasonable validation of the empirical model function. However, it is important to 
underline that the models created are approximations, always with a certain error associated 
with the function coefficients.  
 
Therefore to obtain these empirical models, the correlation between the data parameters was 
investigated. It was necessary to obtain models for two IC engines parameters, 𝑏𝑠𝑓𝑐0 and mass, 
𝑀, and three electric motors parameters, 𝐼0, 𝑅 and also 𝑀, as a function of certain input 
predictor/design variables.  
 
The models obtained regarding the IC engine will be presented first. The empirical analysis 
revealed that the engine mass, 𝑀, was dependent on two independent parameters, 𝑏𝑝𝑚𝑎𝑥 and 
𝑁𝑚𝑎𝑥, as it can be clearly observed in the tendencies illustrated in the charts below, with the 
























Mass data points Prediction model M(bp_max)
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Figure 3.6 Engine mass relation with rated speed, 𝑁𝑚𝑎𝑥, for 197 IC engines 
 
The charts presented in Fig. 3.5 and 3.6 illustrate that a proportional mass variation with rated 
power, and inversely proportional variation with speed exists. Hence there must also exist 
another model which considers both 𝑏𝑝𝑚𝑎𝑥  and 𝑁𝑚𝑎𝑥  as inputs. Assuming a function in the form 
𝑀(𝑏𝑝𝑚𝑎𝑥 , 𝑁𝑚𝑎𝑥) = 𝛼1 × 𝑏𝑝𝑚𝑎𝑥
𝛼2 × 𝑁𝑚𝑎𝑥
𝛼3  and with the add solver tool, it was possible to obtain the 
best fitting coefficients, 𝛼1, 𝛼2 and 𝛼3, which minimize best the sum of squared deviations 
between the predicted values and the actual data values. Hence one more mass empirical 
model for IC engines was obtained, and can be formulated as   
 
𝑀(𝑏𝑝𝑚𝑎𝑥 , 𝑁𝑚𝑎𝑥) [𝑘𝑔] =  0.12165 ×  𝑏𝑝𝑚𝑎𝑥
0.82408  ×  𝑁𝑚𝑎𝑥
−0.33440   (3.5) 
 
where 𝛼1 =  0.12165, 𝛼2 =  0.82408 and 𝛼3 = −0.33440. After comparing the three possible 
models, it was proven that 𝑀(𝑏𝑝𝑚𝑎𝑥 , 𝑁𝑚𝑎𝑥) presented the least squared deviation sum in 
relation to the other two models presented in Fig. 3.5 and 3.6, as it can be observed in table 
3.1. It was therefore the best fitting model selected for the optimization software. 
 
Table 3.1 Squared deviation sum for the three different mass empirical models analyzed  
 𝑴(𝒃𝒑𝒎𝒂𝒙) 𝑴(𝑵𝒎𝒂𝒙) 𝑴(𝒃𝒑𝒎𝒂𝒙, 𝑵𝒎𝒂𝒙) 
∑ (𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑_𝑣𝑎𝑙𝑢𝑒 − 𝑟𝑒𝑎𝑙_𝑣𝑎𝑙𝑢𝑒)2𝑘𝑖=1 , 









Below follows the chart which demonstrates graphically that the prediction model presented 




















Mass data points Prediction model M(N_max)
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Figure 3.7 Deviation of the predicted engine mass values from the real data values 
 
As for the specific fuel consumption, 𝑏𝑠𝑓𝑐0, the empirical analysis revealed that it was 
dependent on rated power, 𝑏𝑝𝑚𝑎𝑥, as it is illustrated in Fig. 3.8. Not all engines displayed 
information regarding the specific fuel consumption, especially small UAV engines, and thus 
the analysis was performed for 118 larger IC engines. 
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Mass data values M(bp_max) M(N_max) M(bp_max,N_max)
bsfc0 (bpmax) = 4.98348E-18bpmax
























bsfc_0 data points Prediction model bsfc_0 (bp_max)
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⟺ 𝑓𝑐0 [𝑘𝑔 𝑠⁄ ] = 𝑏𝑠𝑓𝑐0 × 𝑏𝑝𝑚𝑎𝑥    (3.6) 
 
The resulting proportional relation is presented in Fig. 3.9 below.  
 
 
Figure 3.9 Engine maximum fuel consumption 𝑓𝑐0, with rated power, 𝑏𝑝𝑚𝑎𝑥, for 118 IC engines 
 
Hence 𝑓𝑐0, which intuitively increases with rated power, can be expressed by a linear function 
in the form 𝑓𝑐0 = 𝛽1 × 𝑏𝑝𝑚𝑎𝑥 + 𝛽2 and consequently, another alternative function to express 
maximum specific fuel consumption, 𝑏𝑠𝑓𝑐0′, is obtained. Considering equation 3.6, 𝑏𝑠𝑓𝑐0′ is 
obtained by  
 
𝑓𝑐0 [𝑘𝑔 𝑠⁄ ] =  𝛽1 × 𝑏𝑝𝑚𝑎𝑥 + 𝛽2  (3.7)  
 
𝑏𝑠𝑓𝑐0






   (3.7𝑎) 
 
𝑏𝑠𝑓𝑐0
′  [𝑘𝑔 𝑊𝑠]⁄ =  𝛽1 +
𝛽2
𝑏𝑝𝑚𝑎𝑥
   (3.7𝑏) 
 
Again, with the add solver tool it was possible to calculate the coefficients, 𝛽1 and 𝛽2, which 
better minimize the squared sum deviation. The obtained function is presented as 
 
















fc_0 data points Prediction model fc_0 (bp_max)
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𝑏𝑠𝑓𝑐0
′ (𝑏𝑝𝑚𝑎𝑥) [𝑘𝑔 𝑊𝑠]⁄ =  9.0121𝐸 − 08 +
7.5172𝐸 − 04
𝑏𝑝𝑚𝑎𝑥
   (3.8) 
 
where 𝛽1 =  9.0121𝐸 − 08 and 𝛽2 =  7.5172𝐸 − 04. After comparing the two possible models, it 
was observed that the model presented in equation 3.8 provides the least squared sum of the 
deviation between the real and predicted values, as it is presented in table 3.2.  
 
Table 3.2 Squared deviation sum for the two different 𝑏𝑠𝑓𝑐0 empirical models analyzed 
 𝒃𝒔𝒇𝒄𝟎(𝒃𝒑𝒎𝒂𝒙) 𝒃𝒔𝒇𝒄𝟎′(𝒃𝒑𝒎𝒂𝒙) 
∑ (𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑_𝑣𝑎𝑙𝑢𝑒 − 𝑟𝑒𝑎𝑙_𝑣𝑎𝑙𝑢𝑒)2𝑘𝑖=1 , 








 (𝑏𝑝𝑚𝑎𝑥) was the best fitting model selected, used to assume the missing 𝑏𝑠𝑓𝑐0 
data from the remaining small IC engines. Below is presented the deviation of these two models. 
 
 
Figure 3.10 Deviation of the predicted 𝑏𝑠𝑓𝑐0 values from the real data values 
 
In conclusion, the two empirical IC engine models selected for the optimization software, which 
best predict the output specifications in accordance with the design variables are 
 
𝑀(𝑏𝑝𝑚𝑎𝑥 , 𝑁𝑚𝑎𝑥) [𝑘𝑔] =  0.12165 ×  𝑏𝑝𝑚𝑎𝑥
0.82408  × 𝑁𝑚𝑎𝑥
−0.33440   (3.5) 
 
𝑏𝑠𝑓𝑐0
′ (𝑏𝑝𝑚𝑎𝑥) [𝑘𝑔 𝑊𝑠]⁄ =  9.0121𝐸 − 08 +
7.5172𝐸 − 04
𝑏𝑝𝑚𝑎𝑥
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Concerning the electric motors, it was intended to find the best fitting models for motor mass, 
𝑀, motor no load current, 𝐼0 and motor resistance, 𝑅, as a function of certain input 
predictor/design variables. After analyzing the correlation between the motor parameters, it 
was observed that motor mass is dependent on two design variables, motor speed constant, 𝐾𝑣, 
and maximum allowed current, 𝐼𝑚𝑎𝑥. Below follow the charts which present these tendencies, 
with the respective model function and 𝑅2 discriminated.  
 
 
Figure 3.11 Motor mass relation with maximum allowed current, 𝐼𝑚𝑎𝑥, for 294 electric motors  
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Fig. 3.11 and 3.12 demonstrate that motor mass varies proportionally with 𝐼𝑚𝑎𝑥, and inversely 
with 𝐾𝑣. Thus there must also exist another motor mass empirical model which considers both 
𝐾𝑣 and 𝐼𝑚𝑎𝑥 as input design variables. Similarly to the IC engine mass model described 
previously, it was possible to determine a function in the form 𝑀 (𝐼𝑚𝑎𝑥 , 𝐾𝑣) =  𝛼1 × (𝐼𝑚𝑎𝑥)
𝛼2 ×
𝐾𝑣𝛼3, by minimizing the squared sum deviation associated with the coefficients 𝛼1, 𝛼2 and 𝛼3. 
The obtained function was then 
 
𝑀 (𝐼𝑚𝑎𝑥 , 𝐾𝑣) [𝑘𝑔] = 0.4965 × (𝐼𝑚𝑎𝑥)
0.8265 × 𝐾𝑣−0.6176   (3.9) 
 
where 𝛼1 = 0.4965, 𝛼2 = 0.8265and 𝛼3 = −0.6176. By comparing the three different models, it 
was concluded that the best fitting function which minimizes best the deviation is 𝑀 (𝐼𝑚𝑎𝑥 , 𝐾𝑣), 
as presented in table 3.3. 
 
Table 3.3 Squared deviation sum for the three different motor mass empirical models analyzed 
 𝑴(𝑰𝒎𝒂𝒙) 𝑴(𝑲𝒗) 𝑴(𝑰𝒎𝒂𝒙, 𝑲𝒗) 
∑ (𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑_𝑣𝑎𝑙𝑢𝑒 − 𝑟𝑒𝑎𝑙_𝑣𝑎𝑙𝑢𝑒)2𝑘𝑖=1 , 









Hence 𝑀 (𝐼𝑚𝑎𝑥 , 𝐾𝑣) was the model selected to use in the software, since it best predicts motor 
mass. Fig. 3.13 displays the graphical representation of the three models deviations, for a 
better comparison.  
 
 


























Real mass data value [kg]
Mass data values M (kV) M (I_max) M (I_max, kV)
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Another specification required in the software, as a function of a design variable, was motor 
electric resistance, 𝑅. After considering all the empirical relations between the motor 
parameters, it was observed that the only significant tendency was the relation between 𝑅 and 
motor maximum allowed current, 𝐼𝑚𝑎𝑥, since all other design variables prove to be very 
unrelated to motor resistance. Hence only one model, 𝑅 (𝐼𝑚𝑎𝑥), evidenced a clear trend. Fig. 
3.14 illustrates this relation, whereas Fig. 3.15 presents the deviation error of the predicted 
values, knowing that the model 𝑅 (𝐼𝑚𝑎𝑥) presented a squared deviation sum of 2.093463E-03.  
 
 
Figure 3.14 Motor resistance relation with maximum allowed current, 𝐼𝑚𝑎𝑥, for 265 electric motors 
 
Figure 3.15 Deviation of the predicted motor resistance values from the real data values 



















































Real motor resistance value [Ω]
R (I_max) Resistance data values
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Naturally, the error tends to propagate and increases for more ambitious predictions for 
resistance values larger and farther way from the data collected. Important to note that this 
model, translated by the function 
 
𝑅 (𝐼𝑚𝑎𝑥) [Ω] = 2.1139 × 𝐼𝑚𝑎𝑥
−1.0639   (3.10) 
 
was used to assume the motor resistance values of the remaining motors, since it was not 
always provided by the manufacture.  
 
The last specification model required, as function of certain input design variables, was the 
motor no load current, 𝐼0. After studying the various correlations between the parameters, for 
158 electric motors, it was revealed that 𝐼0 presented a significant inversely proportional 
tendency with motor resistance, 𝑅. This trend is in fact quite coherent, since 𝐼0 is the required 
current to overcome motor internal resistance and will naturally vary according with it.  
Although motor resistance, 𝑅, is not directly an input design variable in the software, it can be 
calculated according to the input design variable 𝐼𝑚𝑎𝑥 through the empirical model described 
previously, 𝑅 (𝐼𝑚𝑎𝑥), which, although is not 100% assertive, presents a reliable approximation. 
Hence, by logic, 𝐼0 will also present a relation with motor maximum allowed current. In fact, a 
slight tendency with motor 𝐼𝑚𝑎𝑥 was revealed, although not so suitable fitting as the relation 
between no load current and resistance. Below follow the charts which present these no load 
current empirical models, with the corresponding functions and 𝑅2 discriminated, for 158 
electric motors.  
 
 

















I_0 data points Prediction model I_0 (R)
 59 
6 
Figure 3.17 Motor no load current relation with maximum current, 𝐼𝑚𝑎𝑥, for 158 electric motors 
 
Fig. 3.16 and 3.17 demonstrates that motor no load current, 𝐼0, varies with motor resistance 
and maximum allowed current. Thus there must also exist another no load current empirical 
function which considers both 𝑅 and 𝐼𝑚𝑎𝑥 as inputs, in the form of 𝐼0(𝑅, 𝐼𝑚𝑎𝑥) =  𝛾1 × 𝑅
𝛾2 × 𝐼𝑚𝑎𝑥
𝛾3 . 
By minimizing the squared deviation sum associated with the coefficients 𝛾1, 𝛾2 and 𝛾3 through 
the add solver tool, the resulting function was  
 
𝐼0 (𝑅, 𝐼𝑚𝑎𝑥) [𝐴] =  0.4999 × 𝑅
−0.8947 × 𝐼𝑚𝑎𝑥
−0.5047   (3.11) 
 
where  𝛾1 = 0.4999, 𝛾2 = −0.8947 and 𝛾3 = −0.5047. By comparing the three different models, 
it was concluded that the model  𝐼0 (𝑅, 𝐼𝑚𝑎𝑥) presented the least deviation between the no load 
current predicted values and the real data values, and it was the selected function introduced 
in the software. Additionally, it was used to assume the values of the motor no load current 
values of the remaining motors, since it was not always provided by the manufacture. The 
squared deviations for the three models can be consulted in table 3.4 and visually confirmed in 
Fig. 3.18. 
 
Table 3.4 Squared deviation sum for the three different motor 𝐼0 empirical models analyzed 
 𝑰𝟎(𝑹) 𝑰𝟎(𝑰𝒎𝒂𝒙) 𝑰𝟎(𝑹, 𝑰𝒎𝒂𝒙) 
∑ (𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑_𝑣𝑎𝑙𝑢𝑒 − 𝑟𝑒𝑎𝑙_𝑣𝑎𝑙𝑢𝑒)2𝑘𝑖=1 , 

























I_0 data points Prediction model I_0 (I_max)
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Figure 3.18 Deviation of the predicted motor no load current values from the real data values 
 
In conclusion, the three motor empirical models selected for the optimization software, which 
best predict the output specifications in accordance with the design variables are 
 
𝑀 (𝐼𝑚𝑎𝑥 , 𝐾𝑣) [𝑘𝑔] = 0.4965 × (𝐼𝑚𝑎𝑥)
0.8265 × 𝐾𝑣−0.6176   (3.9), 
 
𝑅 (𝐼𝑚𝑎𝑥) [Ω] = 2.1139 × 𝐼𝑚𝑎𝑥




𝐼0 (𝑅, 𝐼𝑚𝑎𝑥) [𝐴] =  0.4999 × 𝑅
−0.8947 × 𝐼𝑚𝑎𝑥
−0.5047   (3.11)  
 
Therefore, the output specifications for IC engines are 𝑀 and 𝑏𝑠𝑓𝑐0, and for electric motors 𝑀, 
𝑅 and 𝐼0. More relevant still are the input design variables, which for IC engines are 𝑏𝑝𝑚𝑎𝑥 and 
𝑁𝑚𝑎𝑥, and for electric motors 𝐼𝑚𝑎𝑥, and 𝐾𝑣. 
 
These are the design variables which will be subjected to the constraints defined by the user 
(i.e. 𝑙𝑜𝑤𝑒𝑟 ≤ 𝑥 ≤ 𝑢𝑝𝑝𝑒𝑟, as referred in section 3.2). They will mold the feasible space and will 
take part in the iterations of the algorithm, returning for each iteration the output engine 
specifications required for the calculation of the objective function. When the algorithm finally 
converges to the minimum solution desired, the program will return the design variables of the 
last iteration, which match this optimum solution. Finally, with the virtual optimum values for 
the engine design parameters obtained, it is possible to select, from the data base created, an 







































Real motor no load current value [A]
I_0 data values I_0 (I_max) I_0 (R) I_0 (R,I_max)
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3.4 Application of the empirical models by the software  
After obtaining the empirical models for the IC engine and electric motor, the respective 
models equations were introduce into a subroutine of the software. For combustion engines, 
the user is allowed to input certain design values for 𝑏𝑝𝑚𝑎𝑥 and 𝑁𝑚𝑎𝑥. These inputs are then 
read by the software and used in the subroutine to calculate engine mass, 𝑀, and 𝑏𝑠𝑓𝑐0. 
Similarly, for electric motors the user is allowed to input certain design values for 𝐼𝑚𝑎𝑥 and 𝐾𝑣, 
used in the subroutine to calculate 𝑀, 𝑅 and 𝐼0. Important to underline that the software gives 
the optimum solution for a certain mission, providing not only the optimized propeller diameter 
and pitch, but also the mission required maximum throttle, required maximum engine speed, 
and required maximum current. Consequently, in order to ensure that the inputted design 
variables are at least superior to the minimum required for the mission, the software ascertains 
that the overall maximum current and engine speed required for the mission, 𝐼𝑚𝑎𝑥
′ and 𝑁𝑚𝑎𝑥
′, 
must not exceed the inputted 𝐼𝑚𝑎𝑥 and 𝑁𝑚𝑎𝑥. Fig. 3.19 illustrates an example of a simple mission 
(which is also inputted in the software by the user) where phase 1 represents takeoff, 2 the 
climbing stage, 3 the cruise flight, 4 the descending stage and 5 the landing stage. Each stage 
requires a minimum motor current (for electric motors only) and engine speed.  
 
 
Figure 3.19 Required current and engine speed for different mission stages 
 
Hence the overall maximum allowed current and rated engine speed for this particular mission, 
𝐼𝑚𝑎𝑥
′ and 𝑁𝑚𝑎𝑥
′, matches the maximum among the different stage requirements and must not 
surpass the design variable defined by the user. In other words 
 
𝐼𝑚𝑎𝑥
′ [𝐴] = 𝑚𝑎𝑥(𝐼1, 𝐼2, 𝐼3, 𝐼4, 𝐼5)  (3.12) 
 
𝑁𝑚𝑎𝑥
′ [𝑟𝑝𝑚] = 𝑚𝑎𝑥(𝑁1, 𝑁2, 𝑁3, 𝑁4, 𝑁5)  (3.13) 
 
𝐼𝑚𝑎𝑥
′ ≤ 𝐼𝑚𝑎𝑥   (3.14) 
 
𝑁𝑚𝑎𝑥











Another important calculation performed throughout the optimization procedure is the aircraft 
weight update. Since the engine/motor empirical models return the motor weight as an output, 
during each iteration there must occur an update of the total aircraft weight, considering the 
new propeller mass and the new engine mass. Hence at an initial stage the software reads the 
information regarding the original propeller and engine masses, as well as all the aircraft 
masses (structure, systems, payload, and fuel or battery mass depending on the type of engine, 
given by 𝑀𝑒𝑛𝑒𝑟𝑔𝑦). In other words 
 
𝑀𝑎𝑖𝑟𝑐𝑟𝑎𝑓𝑡  [𝑘𝑔] =  𝑀𝑠𝑡𝑟𝑢𝑐𝑡𝑢𝑟𝑒 +𝑀𝑠𝑦𝑠𝑡𝑒𝑚𝑠 +𝑀𝑝𝑎𝑦𝑙𝑜𝑎𝑑 + 𝑀𝑒𝑛𝑒𝑟𝑔𝑦 +𝑀𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙 𝑝𝑟𝑜𝑝 +𝑀𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙 𝑒𝑛𝑔   (3.16) 
 
Since the original propeller and engine are to be optimized and thus their weights change at 
each iteration of the algorithm, 𝑖, the software needs to update 𝑀𝑎𝑖𝑐𝑟𝑎𝑓𝑡. Hence the propeller 
mass, 𝑀𝑝𝑟𝑜𝑝𝑖, is updated at each iteration according to the new diameter value, 𝐷𝑖, and is given 
by  





  (3.17) 
 
where 𝐷𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙 is the original propeller diameter. The engine mass, 𝑀𝑒𝑛𝑔𝑖𝑛𝑒𝑖, is calculated 
according to the empirical models described previously in equations 3.6 and 3.10. 
 
Thus, the updated aircraft weight is formulated by adding the increments which resulted from 
the difference between the updated masses and the original ones, i.e. 
 
𝑊𝑎𝑖𝑟𝑐𝑟𝑎𝑓𝑡𝑖  [𝑁] = 𝑔 × [𝑀𝑎𝑖𝑟𝑐𝑟𝑎𝑓𝑡 + (𝑀𝑒𝑛𝑔𝑖𝑛𝑒𝑖 −𝑀𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙 𝑒𝑛𝑔) + (𝑀𝑝𝑟𝑜𝑝𝑖 −𝑀𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙 𝑝𝑟𝑜𝑝)] (3.18) 
 
However, the optimization procedure does not take into account the effects caused by the 
updated weight on the aircraft center of gravity, and therefore the optimized result is just an 
approximated estimation.    
3.5 Engine selection  
After the algorithm is applied and the optimum solution is achieved, the engine/motor which 
matches the specifications given by the empirical models is selected from the data tables. The 
selection is made based on the minimum squared deviation sum between the design 
specifications given by the empirical functions and the design specifications available in the 
data tables, represented with the subscript 𝑑𝑎𝑡𝑎. The design variables are the most important 
parameters to take into consideration when selecting an engine/motor. Therefore a larger 
weight was given to them when calculating the squared deviation sum. For IC engines, the 
design variables 𝑏𝑝𝑚𝑎𝑥 and 𝑁𝑚𝑎𝑥 were given a weight of 40% each, in order to be the main 
influencers of the resulting squared error sum equation. 𝑁𝑚𝑖𝑛 was given a weight of 10%, and 
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the outputs 𝑏𝑠𝑓𝑐0 and 𝑀 were given a weight of 5% each. The position of the table line is given 
by the index 𝑗. For the IC engine selection, the squared deviation sum is given by  
 



































   (3.19)  
 
where 𝑘 stands for the total number of data elements of the table. Some engines have a 
reduction gear which reduce the available rotational speed at the propeller. Hence, knowing 
the engine gear ration, the real rotational speed at the propeller shaft is obtained by the 
product between 𝑁𝑚𝑎𝑥
𝑑𝑎𝑡𝑎
(𝑗) × 𝑅𝑔𝑒𝑎𝑟.  
 
Likewise, for the electric motor selection, the design variables were given a larger weight. 𝐾𝑣 
and 𝐼𝑚𝑎𝑥 were given a weight of 40% each. The output 𝑅 was given a weight of 10%, and 𝐼0 and 
𝑀 were given a weight of 5% each. The squared error sum is given by   
 































   (3.20)  
 
After calculating the relative error for each element of the data table, the most suitable engine 
is the one whose index position in the table matches the index position of the minimum squared 
error sum value, since it deviates the least from the design specifications given by the empirical 
equations. In other words, the index corresponds to the location of the minimum value in the 
relative error vector, i.e. 
   
𝑚𝑖𝑛 (𝑠𝑞𝑢𝑎𝑟𝑒𝑑 𝑒𝑟𝑟𝑜𝑟 1, 𝑠𝑞𝑢𝑎𝑟𝑒𝑑 𝑒𝑟𝑟𝑜𝑟 2 , …… , 𝑠𝑞𝑢𝑎𝑟𝑒𝑑 𝑒𝑟𝑟𝑜𝑟 𝑘 )  (3.21)  
 
where 𝑘 stands for the total number of data elements of the table. These calculations are 
performed by a subroutine called after the implementation of the optimization algorithm, when 
the optimized design variables are obtained.  
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The software then displays a list with the 10 most similar engines/motors from the data base, 
which present the least squared deviation from the design variables given by the program. 
Preferably, the selected engine should be among the firsts of the list.   
3.6 Mission performance parameters calculation  
Another important objective of this dissertation was to add certain mission constraints in the 
analysis software, to be incorporated in the optimization algorithm. As it was stated before in 
section 3.2, the optimization algorithm subjects the objective function to a set of equality and 
inequality constraints, which defines the feasible space for the independent variables.  The 
inequality constraints already available in the software were engine performance constraints, 
which limited not only the maximum allowed engine setting, 𝛿𝑚𝑎𝑥, but also the maximum 
allowed current, 𝐼𝑚𝑎𝑥, or the maximum allowed engine speed, 𝑁𝑚𝑎𝑥, depending on the type of 
engine selected by the user (electric motor or IC engine).  
 
Hence, a set of mission performance constraints was added. The user may define the limits for 
the feasible space, and how many constraints are to be active. The software then proceeds to 
calculate the mission parameter required and compares it to the constraint reference value 
initially defined. For that purpose, it was added into the software these parameters calculation, 
as well as the possibility for the user to select and define the algorithm mission constraints. 
 
Most of the theoretical clarifications on the equations used for the parameters calculations, 
concerning mission performance, were already presented in section 2.4. Furthermore, the 
mission constraints were calculated for certain conditions of air speed, 𝑉, engine throttle, 𝛿, 
altitude, ℎ, and temperature deviation from standard sea level, 𝑑𝑇. These later two conditions 
are defined also by the user. Thus, in order to influence the overall mission performance, the 
intended restrictions were applied to the takeoff runway distance, 𝑆𝑇𝑂, maximum rate of climb, 
𝑅𝐶𝑚𝑎𝑥, maximum rate of climb angle, 𝛾𝑚𝑎𝑥, maximum air speed, 𝑉𝑚𝑎𝑥, and minimum rate of 
climb for service ceiling, 𝑅𝐶𝑠𝑐𝑚𝑖𝑛 (a safety margin, in order not to reach a null value for excess 
of power available, ∆𝑃). Regarding the performance for a level flight turn, the constraints 
added to the software limited the engine throttle required during a sustained turn, 𝛿𝑡𝑢𝑟𝑛, for 
certain conditions of altitude and limit load factor, also both defined initially by the user. 
Summarizing, the mission performance constrains can be modeled as  
 
𝑆𝑇𝑂 ≤ 𝑆𝑇𝑂𝑟𝑒𝑓 𝑎𝑡 ℎ𝑇𝑂   (3.22) 
  
𝛾𝑚𝑎𝑥 ≥ 𝛾𝑚𝑎𝑥𝑟𝑒𝑓 𝑎𝑡 ℎ𝛾   𝑎𝑛𝑑 𝐶𝐿 ∗ 1.44 ≤ 𝐶𝐿𝑚𝑎𝑥   (3.23) 
  
𝑅𝐶𝑚𝑎𝑥 ≥ 𝑅𝐶𝑚𝑎𝑥𝑟𝑒𝑓 𝑎𝑡 ℎ𝑅𝐶   𝑎𝑛𝑑 𝐶𝐿 ∗ 1.44 ≤ 𝐶𝐿𝑚𝑎𝑥    (3.24) 
  
 65 
𝑉𝑚𝑎𝑥 ≥ 𝑉𝑚𝑎𝑥𝑟𝑒𝑓 𝑎𝑡 ℎ𝑉𝑚𝑎𝑥    (3.25) 
  
𝑅𝐶𝑠𝑐𝑚𝑖𝑛 ≥ 0.5 [𝑚 𝑠⁄ ] 𝑎𝑡 ℎ𝑠𝑐  𝑓𝑜𝑟 𝐶𝐿 ∗ 1.44 ≤ 𝐶𝐿𝑚𝑎𝑥   (3.26) 
  
 𝛿𝑡𝑢𝑟𝑛 ≤ 1 𝑎𝑡 ℎ𝑡𝑢𝑟𝑛 𝑎𝑛𝑑 𝑛𝑙𝑖𝑚𝑖𝑡   (3.27) 
 
where ℎ𝑇𝑂 represents the takeoff speed altitude, ℎ𝑅𝐶 the climb performance altitude, ℎ𝑉𝑚𝑎𝑥 
the maximum speed altitude, ℎ𝑠𝑐 the service ceiling altitude and ℎ𝑡𝑢𝑟𝑛 the altitude for a 
sustained turn, all set by the user. These maximum performance parameters calculation are 
performed by a subroutine named 𝑃𝑒𝑟𝑓𝑜𝑟𝑚𝑎𝑛𝑐𝑒𝑉𝑎𝑟𝑖𝑎𝑏𝑙𝑒𝐶𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑖𝑜𝑛(). 
 
Although this subroutine calculations for takeoff ground roll, 𝑆𝑇𝑂, and engine throttle during a 
sustained turn,  𝛿𝑡𝑢𝑟𝑛, are fairly directly obtained through the application of the required 
equations presented in section 2.4, the remaining performance constraints concerning 
maximum speed, 𝑉𝑚𝑎𝑥, best rate of climb, 𝑅𝐶𝑚𝑎𝑥  and best rate of climb angle, 𝛾𝑚𝑎𝑥, do not 
have a specific equation formulation. However, they are easily verified through graphical 
representations as a function of air speed, 𝑉. Hence, 𝑉𝑚𝑎𝑥 is determined by the high speed 
intersection of the available power and required power curves represented in Fig. 2.17, 
whereas as  𝛾𝑚𝑎𝑥 and 𝑅𝐶𝑚𝑎𝑥, according to Fig. 2.19, are determined at the maximum point of 
the parabolic curve. Since the speed at which these maximum conditions occur is not known, 
three iterations were performed in the software to match the desired maximum conditions. All 
iterations start initially at 1.2 × 𝑉𝑠 and continuously perform calculations for each speed, 𝑉, 
which increases according to a defined step value.  
 
For maximum speed calculation, 𝑉𝑚𝑎𝑥, the iteration would ideally stop when the difference 
between available and required power, 𝑃𝐴 and 𝑃𝑅, was null. Since this difference is never 
exactly equal to zero, the iteration was set to stop when the relative error of the difference 





− 1) ≤ 0.001)  𝑒𝑥𝑖𝑡    (3.28) 
 
and the returned speed value for this condition matches the maximum allowed speed, 𝑉𝑚𝑎𝑥.  If 
this condition is not met, the subroutine would continuously calculate 𝑃𝐴 and 𝑃𝑅 until the 
available power was less than the required power, i.e. 𝑃𝐴 ≤ 𝑃𝑅. At this stage, the iteration 
would start again at the immediate preceding speed value, 𝑉 = 𝑉 − 𝑠𝑡𝑒𝑝, with an inferior step, 
𝑠𝑡𝑒𝑝 = 0.5 ∗ 𝑠𝑡𝑒𝑝.  
 
As for best rate of climb angle and best rate of climb, 𝛾𝑚𝑎𝑥 and 𝑅𝐶𝑚𝑎𝑥, they both present the 
same type of parabolic curve when plotted as a function of 𝑉, so the same iterative process 
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was applied. The iteration would ideally stop when, as speed increases, the following value 
(𝑅𝐶𝑖+1 or 𝛾𝑖+1) would be less than the previous one (𝑅𝐶𝑖 or 𝛾𝑖), and the difference between 
them is null, since it  matches the maximum point of the parabolic curve, before the descending 
phase. Since this difference is never exactly equal to zero, the iteration was set to stop when 
the relative error of the difference between the following value, 𝑖 + 1, and previous one, 𝑖, is 










− 1) ≤ 0.0001. 𝐴𝑁𝐷. 𝛾𝑖 ≥ 𝛾𝑖+1)  𝑒𝑥𝑖𝑡   (3.30) 
 
and the returned 𝑅𝐶𝑖 and 𝛾𝑖 values for these conditions matches, respectively, the best rate of 
climb and best rate of climb angle, 𝑅𝐶𝑚𝑎𝑥 and 𝛾𝑚𝑎𝑥. If these conditions are not met, the 
subroutine would continuously calculate 𝑅𝐶 and 𝛾 until the following value is less than the 
previous one, i.e. 𝑅𝐶𝑖+1 ≤ 𝑅𝐶𝑖 or 𝛾𝑖+1 ≤ 𝛾𝑖. In this case, and as stated before, the iteration 
would start again at the immediate preceding speed value, 𝑉 = 𝑉 − 𝑠𝑡𝑒𝑝, with an inferior step 
value, 𝑠𝑡𝑒𝑝 = 0.5 × 𝑠𝑡𝑒𝑝.  
 
Thus, in order to perform these iterations, it was first necessary to elaborate another 
subroutine which calculated the stall speed (𝑉𝑠), available and required power (𝑃𝐴 and 𝑃𝑅), and 
rate of climb and rate of climb angle (𝑅𝐶 and 𝛾), as a function of air speed, 𝑉, for certain 
altitude conditions. This subroutine, with certain inputs and outputs variables, is named 
𝑅𝑒𝑞𝑢𝑖𝑟𝑒𝑑_𝑎𝑛𝑑_𝐴𝑣𝑎𝑖𝑙𝑎𝑏𝑙𝑒_𝑃𝑜𝑤𝑒𝑟(𝑉, ℎ, 𝑑𝑇, 𝑃𝑅 , 𝑃𝐴, 𝑅𝐶, 𝛾, 𝑉𝑆), and is called inside each iteration 
loop.  
 
The inputs, in addition to the air speed, 𝑉, are the temperature deviation at sea level, 𝑑𝑇, and 
the selected altitude, ℎ, which are defined initially by the user and read by the software. 
Additionally, the aircraft in study has a weight, 𝑊, a wing area, 𝑆 and a maximum lift 
coefficient, 𝐶𝐿𝑚𝑎𝑥, already defined in the software. Hence it is possible to apply the mission 
performance model presents in section 2.4 and calculate directly the required variables, 
namely 𝑃𝑅, for a certain airspeed 𝑉. 
 
Having obtained the value for the required power, 𝑃𝑅, at a specific airspeed 𝑉, it is then 
necessary to obtained the available power, 𝑃𝐴, for the same airspeed value. As stated before, 
the software calculates the available power through a subroutine called 
𝑃𝑜𝑤𝑒𝑟𝐴𝑣𝑎𝑖𝑙𝑎𝑏𝑙𝑒(𝑚𝑜𝑑𝑒), which can employ two different calculation methods (mode 1 and 2). 
Mode 2 matches the propeller power to the engine shaft power, and then matches the available 
power to the required power so as to minimize the overall mission energy consumption. 
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However, for this mission parameters calculations, the available power is calculated not to 
equal the required power, but to obtain the 𝑃𝐴 curve of Fig. 2.21. Hence the subroutine applies, 
for this case, mode 1 (𝑃𝑜𝑤𝑒𝑟𝐴𝑣𝑎𝑖𝑙𝑎𝑏𝑙𝑒(1)) which only matches the propeller power to the 
engine shaft power, given an assumed engine throttle, 𝛿, and speed, 𝑉. For mode 1 it was 
assumed that 𝛿 = 1. With 𝑃𝐴 calculated at each iteration, 𝑉𝑚𝑎𝑥, 𝑅𝐶𝑚𝑎𝑥 and 𝛾𝑚𝑎𝑥 can finally be 
calculated.  
 
Additionally, as referred previously, this subroutine which determines the mission performance 
values for 𝑉𝑚𝑎𝑥, 𝑅𝐶𝑚𝑎𝑥 and 𝛾𝑚𝑎𝑥 also calculates, in a more direct manner, the takeoff ground 
roll, 𝑆𝑇𝑂, and the engine throttle required during a sustained turn,  𝛿𝑡𝑢𝑟𝑛. 𝛿𝑡𝑢𝑟𝑛 is obtained by 
using mode 2, at the maneuver speed, 𝑉∗, and the corresponding required power, 𝑃𝑅. This 
occurs since mode 1 does not calculate the engine setting, 𝛿, but rather requires an assumption 
for it. Hence the required power is the input needed in mode 2, and not the engine throttle. In 
the case of a sustained turn, 𝑃𝑅 is calculated at the maneuver speed, 𝑉
∗, since it matches the 
operating limit speed for a sustained turn without having to decrease the lift coefficient.  
 
Summarizing, the user selects the desired mission parameters that are to be constrained and 
activates them in the algorithm, defining the constraints reference values. Afterwards, the 
software calculates the parameters and the algorithm compares the calculated value to the 
defined reference value, at each iteration.  
 
Thus, the optimum solution, given by the algorithm, matches a solution with an optimized set 









Two UAV’s (unmanned aircrafts) were selected to be subjected to the optimization procedure, 
one powered by an IC engine and another by an electric motor. For both these two cases of 
study, the software employed the optimization algorithm which gives the optimized propeller 
diameter and pitch, as well as the optimized engine design variables, for a minimum energy 
consumption at a particular mission. Therefore it will be presented not only the resulting 
decrease in fuel/energy consumption and the engine selected, but also the manner in which 
the objective function and the design variables converged to the solution, according to the 
number of iterations performed by the algorithm.  
4.1 LEEUAV 
The LEEUAV is an unmanned aircraft which uses solar energy to power its electric motor. The 
following tables present the aircraft, motor, battery and propeller data, with the values for 
the drag polar vector 𝐶𝐷𝑖 also discriminated, obtained through experimental data available in 
reference [67]. 
 
























1.485 0.0144 0.2 1.5 0.8 
𝑪𝑫𝟏 𝑪𝑫𝟐 𝑪𝑫𝟑 𝑪𝑫𝟒 𝑪𝑫𝟓 
0.0575979 -0.1338230 0.2420812 -0.1519270 0.4183674 
 
Table 4.2 Original LEEUAV electric motor data 
ENGINE NAME 𝑴 [𝒈] 𝑲𝒗 [𝒓𝒑𝒎 𝑽⁄ ] 𝑰𝒎𝒂𝒙 [𝑨]  𝑹 [𝛀]  𝑰𝟎 [𝑨] 𝑼𝒎𝒂𝒙 [𝑽] 𝑹𝛀 [𝛀] 
Hyperion ZS3025-
10 
186 775 65 0.019 1.61 16.8 0.006 
  
Table 4.3 LEEUAV battery data 















SLS_APL_3SP1_10000mAH 4.20 3 12.60 0.003 150 750 
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Table 4.4 Original LEEUAV propeller data 
PROPELLER  𝑴 [𝒈] 𝑫 [𝒊𝒏]  𝒑 [𝐢𝐧]  
A general 2 blade 
propeller 
72 19.09 15.43 
 
 
The LEEUAV performance and design parameters were optimized for a certain mission inputted 
into the software. The mission waypoints defined initially are presented in table 4.5., whereas 
table 4.6 presents the loiter requirements. 
 





















1 0 0 400 0 0 0 15 
2 -48.464 -18.877 400 8 0 0 15 
3 -629.181 -10110.2 1000 10 1 45 0 
4 -4663.59 -36866.7 1000 10 5 30 0 
5 -510.147 -49438.3 300 8 0 0 5 
 
Table 4.6 LEEUAV loiter requirements 
 
The aircraft lifts off at an altitude of 400 meters, and climbs until it reaches an altitude of 1000 
meters. When the end of the mission approaches, it loiters before the landing stage (cruising 
for a certain amount of time over a small region) within a 300 meters radius, for about 20 
minutes until landing. Hence the optimization was employed for this particular mission, whose 
performance constraints are presented in table 4.7. Table 4.8 presents fixed mission 
parameters. 
 
Table 4.7 LEEUAV mission constraints, defined by the user. 
MISSION CONSTRAINTS 
𝑉𝑚𝑎𝑥 [𝑚 𝑠⁄ ]       ≥ 15 
𝑅𝐶𝑚𝑎𝑥 [𝑚 𝑠⁄ ]    ≥ 2 
𝑅𝐶𝑠𝑐𝑚𝑖𝑛  [𝑚 𝑠⁄ ]  ≥ 0.5 
𝛾𝑚𝑎𝑥 [°]           ≥    15 
𝑆𝑇𝑂 [𝑚]            ≤ 10 








1 4 1200 8 300 
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Table 4.8 LEEUAV mission parameters, defined by the user. 
MISSION PARAMETERS 
ℎ𝑇𝑂 [𝑚] 500 
ℎ𝑅𝐶  [𝑚] 500 
ℎ𝛾  [𝑚] 500 
ℎ𝑡𝑢𝑟𝑛 [𝑚] 500 
ℎ𝑉𝑚𝑎𝑥  [𝑚] 1000 





As stated before, the algorithm implemented in the software will begin at a certain starting 
design value, 𝑥, and then searches for the minimum energy spent in the mission between a set 
of 𝑥 values defined by an upper boundary and a lower boundary, i.e. 𝑙𝑜𝑤𝑒𝑟 𝑏𝑜𝑢𝑛𝑑 ≤  𝑥 ≤
𝑢𝑝𝑝𝑒𝑟 𝑏𝑜𝑢𝑛𝑑. Thus, the initial input value and respective boundaries for the propeller and 
motor design variables were defined, as presented in table 4.9 for an increment, Δ𝑥, of 0.00001, 
used in the calculations of the gradients through forward finite differences. The FFSQP 
algorithm will search for the best design variables between the defined boundaries, for a 
minimum mission energy consumption. The propeller initial input value is the original propeller 
diameter and pitch (19.09 x 15.3 in).  𝐼𝑚𝑎𝑥 must not surpass 150 𝐴 since it is the battery pack 
maximum allowed current. 
 
Table 4.9 Design constraints for the LEEUAV 
DESIGN VARIABLES (𝒙) INPUT VALUE LOWER BOUND UPPER BOUND 
Propeller diameter, 𝐷 [𝑚] 0.484886 0.50 1.685 
Propeller pitch, 𝑝 [𝑚] 0.391922 0.50 1.695 
𝐾𝑣 [𝑟𝑝𝑚 𝑉⁄ ] 775 100 2000 
𝐼𝑚𝑎𝑥 [𝐴] 65 20 150 
 
Four different cases were analyzed. Case 0 presents the previous mission energy consumed with 
the LEEUAV original propeller and original motor. Case 1 presents the optimized solution after 
the optimization algorithm was employed, returning optimized values for the propeller and 
motor. These of course are virtual results, since there is no motor with exactly these design 
specifications values, or a propeller with the exact diameter and pitch as the optimized 
solution. Thus, after the software selects from the data base the motor with the most similar 
design variables as the virtual ones, case 2 analyzes if the solution remains similar with the 
motor and propeller selected, since the empirical motor models have an error associated with 
the functions coefficients and thus deviate slightly from the real data values. At last, another 
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interesting variant to analyze, in case 3, was to apply only the selected motor from case 1, and 
optimize the propeller to check if it would still recommend a similar diameter and pitch. If the 
results demonstrate decrease in mission energy consumed in relation to case 0, and consistent 
similar values between case 1, 2 and 3, the empirical motor models will prove satisfactory, 
even with some deviation associated with the real empirical approximations. Summarizing, 
 
Table 4.10 LEEUAV cases of study  
Case 0 Original LEEUAV propeller and motor 
Case 1 Free propeller and motor 
Case 2 Selected propeller and motor from case 1 
Case 3 Free propeller for the selected motor from case 1 
 
Table 4.11 presents the optimized solution, table 4.12 the mission performance parameters 
obtained for each case, and table 4.13 the motor selected from the virtual empirical results 
from case 1.  
Table 4.11 LEEUAV mission solutions 


















[𝒓𝒑𝒎 𝑽⁄ ] 
𝑰𝒎𝒂𝒙  
[𝑨] 
Case 0 395814 0.286 31.248 2274.1 19.09 15.43 775 65 
Case 1 302543 0.550 12.336 847.8 28.622 37.757 132.3 44.0 
Case 2 309303 0.486 14.260 821.9 29.000 38.000 160.0 48.0 
Case 3 308570 0.549 12.627 964.9 26.848 33.775 160.0 48.0 
 
Table 4.12 LEEUAV mission performance solutions 
 
𝑽𝒎𝒂𝒙  
[𝒎 𝒔⁄ ] 
𝑹𝑪𝒎𝒂𝒙  








Case 0 18.530 2.640 16.010 2.370 2.320 0.255 
Case 1 19.949 4.418 30.023 3.851 5.928 0.503 
Case 2 20.990 5.040 33.590 4.670 5.140 0.439 
Case 3 19.561 3.988 27.253 3.582 6.175 0.496 
 
Table 4.13 Selected motor from the optimized empirical results from case 1 
 
𝑲𝒗 










from case 1 




160 48 0.339 0.065 1.10 
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After the optimization algorithm was applied in case 1, the software returned a better solution 
with an optimized value of 28.622 𝑖𝑛 propeller diameter (𝐷), 37.757 𝑖𝑛 pitch (𝑝), 132.290 𝑟𝑝𝑚/𝑉 
(𝐾𝑣), and a maximum allowed current (𝐼𝑚𝑎𝑥) of 43.970 𝐴. Hence the total mission energy 
optimized in case 1 decreased around 23% compared to the original solution from case 0, from 
395 814 𝐽 to 302 543 𝐽. Pitch assumes a high value since the approximated propeller model 
presented in Section 2.3 presents limitations when optimizing for low speeds. In other words, 
in order to sustain flight at low speeds the model tends to overestimates the pitch value and 
returns a high 𝑝/𝐷.  
 
Case 2 demonstrates that for the selected motor (TURNIGY Multistar 9225-160KV) and the 
selected propeller (29 𝑥 38 𝑖𝑛 is a more pragmatic value, since there is no propeller with exactly 
the same dimensions from case 1) the overall mission energy consumed, all mission 
requirements and mission performance parameters remained quite similar to the optimized 
solution. This validates that the empirical motor functions, although only general 
approximations, present satisfactory matches to the propeller selected, with a mission energy 
consumption of 309 033 𝐽. 
 
Case 3 proves that inputting only the selected motor in the software and optimizing only the 
propeller dimensions, the optimization algorithm would still recommend a similar propeller, 
with a 26.848 𝑖𝑛 diameter and a 33.775 𝑖𝑛 pitch. Important to note that since the real motor 
selected has a 𝐾𝑣 of 160 𝑟𝑝𝑚/𝑉, which is higher than the empirical result, the revolutions rate 
of the propeller is higher, and thus pitch will be lower since it does not need to compensate as 
much as the optimized pitch value from case 1. All mission performance constraints remain 
similar to case 2 and 1.    
 
Regarding the mission performance results obtained, it is clear that there is an improvement 
in almost all parameters from case 0 (original propeller and motor) to case 1 (optimized 
solution), especially in the maximum rate of climb, 𝑅𝐶𝑚𝑎𝑥, and maximum rate of climb angle, 
𝛾𝑚𝑎𝑥, since the propeller dimensions increased. Although the required takeoff distance, 𝑆𝑔, is 
greater when compared to the original motor, this is due to the fact that the aircraft became 
heavier with the new optimized propeller and motor. The original motor was particularly light, 
weighting only 186 g. All other mission performance parameters improved, while spending less 
energy during mission. Case 2 and 3 still present a similar solution to case 1.  
 
Important also to illustrate, for case 1, the behavior of the objective function, 𝐸𝑚, and the 
design variables during the iteration process performed by the algorithm, in order to observed 
how the variable converged and stabilized before reaching the final solution. Fig. 4.2 illustrates 
the convergence of the objective function, 𝐸𝑚, and Fig. 4.3, 4.4 and 4.5 the convergence of 





Figure 4.1 Convergence of the objective function, for case 1, into a stabilized solution for the LEEUAV 













































Figure 4.4 Convergence of the propeller design variables, for case 1, into a stabilized solution for the 
LEEUAV during the iteration process 
 
 
In the first iterations, there is a much wide variation gap of the variable in relation to the 


























related to the gradient descent path stated in sections 1.4.2.1 and 3.2. In the search for the 
optimum minimum, and given a set of boundaries constraints for the design variables, 𝑥, the 
gradient of the objective function gives the direction in which the algorithm should progress. 
The higher the gradient value is, the faster the algorithm learns and progresses rapidly and in 
larger amounts through the variables, as it is demonstrated in the first iterations of Fig. 4.2, 
4.3, 4.4 and 4.5. When it goes nearer to the intended solution, the gradients will assume smaller 
and smaller values to converge to the desired minimum. Thus as the final iteration approaches, 
the objective function and the design variables will stabilize as the gradients converge to zero, 
without compromising the feasible space set by the constraints. This feasible space 
compromises significantly the convergence of the gradients, as they restrict the gradients to 
converge sometimes not to zero, but to the possible minimum inside the feasible space of the 
design variables and mission performance parameters. Fig. 4.6 presents the gradient descent 
path of the objective function, scaled to the unit (fraction between the current gradient value 
and the initial gradient value).  
 
 
Figure 4.5 Gradient convergence to zero, for case 1 
 
Hence the electric motor selected meets the objective, and minimizes the mission energy 
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4.2  HOJI UAV 
The Hoji UAV is an unmanned aircraft powered by an IC engine. The aircraft data is displayed 
in table 4.14 below [68], where the drag polar vector 𝐶𝐷𝑖 was assumed. 
 






















9.1 0.6 10.15 1.85 0.6 
𝑪𝑫𝟏 𝑪𝑫𝟐 𝑪𝑫𝟑 𝑪𝑫𝟒 
0.0241 0.0181 0.0056 0.0092 
  
 
Unlike the LEEUAV, the Hoji did not have an original engine and propeller. Thus the objective 
was to find the propeller and engine which best minimized the total fuel weight consumed 
during mission. The mission requirements are presented in the tables below. 
 





















1 0 0 0 0 0 0 0 
2 500 0 0 30 0 0 0 
3 50000 0 5000 36 0 0 0 
4 60000 0 5000 36 0 0 0 
5 80000 0 5000 36 0 0 0 
6 500 0 0 50 0 0 0 
 
Table 4.16 HOJI loiter requirements 
 
These are the mission waypoints introduced in the software. The aircrafts lifts off at sea level, 
and climbs until it reaches an altitude of 5000 meters. Then, when it reaches the desired 
destination, it loiters for a recognition mission within a 1000 m radius for about 15 hours. 








1 4 54000 30 1000 
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for this particular mission, whose performance constraints and fixed parameters are presented 
in the tables below. 
 
Table 4.17 Hoji mission constraints, defined by the user 
MISSION CONSTRAINTS 
𝑉𝑚𝑎𝑥 [𝑚 𝑠⁄ ]       ≥ 45 
𝑅𝐶𝑚𝑎𝑥 [𝑚 𝑠⁄ ]    ≥ 6 
𝑅𝐶𝑠𝑐𝑚𝑖𝑛  [𝑚 𝑠⁄ ]  ≥ 0.5 
𝛾𝑚𝑎𝑥 [°]           ≥    10 
𝑆𝑇𝑂 [𝑚]            ≤ 500 
 𝛿𝑡𝑢𝑟𝑛                  ≤ 1 
 
Table 4.18 Hoji mission parameters, defined by the user 
MISSION PARAMETERS 
ℎ𝑇𝑂 [𝑚] 0 
ℎ𝑅𝐶  [𝑚] 0 
ℎ𝛾  [𝑚] 0 
ℎ𝑡𝑢𝑟𝑛 [𝑚] 4000 
ℎ𝑉𝑚𝑎𝑥  [𝑚] 4000 





As for the design variables constraints (already explained previously) the boundaries defined 
are presented in table 4.19 below, with an increment, Δ𝑥, of 0.00001. 
 
Table 4.19 Design constraints for the Hoji UAV 
DESIGN VARIABLES (𝒙) INPUT VALUE LOWER BOUND UPPER BOUND 
Propeller diameter, 𝐷 [𝑚] 1.5 0.25 1.6 
Propeller pitch, 𝑝 [𝑚] 1.5 0.1 2 
𝑏𝑝𝑚𝑎𝑥 [𝑊] 73 500 0 200 000 
𝑁𝑚𝑎𝑥 [𝑟𝑝𝑚] 2600 2550 7000 
 
Since very few engines from the data table have a 𝑁𝑚𝑎𝑥 inferior to 2550 𝑟𝑝𝑚, this was the lower 
bound inputted. Two different cases were analyzed. Case 1 is the optimized solution, which 
returns optimize values for  𝐷, 𝑝, 𝑏𝑝𝑚𝑎𝑥, and 𝑁𝑚𝑎𝑥. Case 2 analyzes if the solution remains 
similar with the engine and propeller selected from case 1, since the empirical engine models 
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have an error associated with the functions coefficients and thus deviate slightly from the real 
data values. Summarizing, 
 
Table 4.20 Hoji cases of study 
Case 1 Free propeller and motor 
Case 2 Selected propeller and motor 
 
Table 4.21 presents the optimized solution, table 4.22 the mission performance parameters 
obtained for each case, and table 4.23 the engine selected from the virtual empirical results 
from case 1.  
 
Table 4.21 Hoji mission solutions 



















Case 1 2059.16 0.997 2521.8 61.080 52.412 93 899.9 2550 
Case 2 1894.21 0.961 2508.3 61.000 52.000 845000 2400 
 
Table 4.22 Hoji mission performance solutions 
 
𝑽𝒎𝒂𝒙  
[𝒎 𝒔⁄ ] 
𝑹𝑪𝒎𝒂𝒙  








Case 1 60.494 6.587 10.000 1.486 277.522 0.913 
Case 2 55.38 5.74 10.26 1.49 247.29 0.88 
 









 [𝒌𝒈/𝑾𝒔]  
𝑹𝒈𝒆𝒂𝒓 
Empirical results 
from case 1 
93899.91 2550 110.62 0.9813E-07 1.000 
Selected engine:  
Rotax 914 UL/F 
84500 
5800*0.411
= 2384  
68 0.6939E-07 0.411 
 
 
Important to remind that since the selected engine as a reduction gear, which reduces the 
rotational speed that reaches the propeller shaft, the true available speed equals the product 
between the engine speed and gear ratio. After the optimization algorithm was applied, the 
software returned a solution with an optimized value of 61.080 𝑖𝑛 propeller diameter (𝐷), 
52.412 𝑖𝑛 pitch (𝑝), 93899.91 𝑊 of maximum power (𝑏𝑝𝑚𝑎𝑥), and a 𝑁𝑚𝑎𝑥 of 2550 𝑟𝑝𝑚. This 
solution matches a total mission fuel consumption of 2059.16 𝑁. Although the 𝑁𝑚𝑎𝑥 could be 
optimized to lower values, the lower boundary set at the beginning prevented the engine speed 
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to reach a more desirable solution, since there are few engines from the data base which have 
lower 𝑁𝑚𝑎𝑥 values than 2550. 
 
As is can be observed, the total mission fuel consumed in case 2 is noticeably less with the real 
engine, when compared to the virtual solution given by the empirical IC engine models in case 
1. This happens since 𝑏𝑠𝑓𝑐0 empirical model presented in Fig. 3.10 tends to overestimate the 
resulting specific fuel consumption, and thus the 𝑏𝑠𝑓𝑐0 of the real engine data will be, most of 
the times, less than the virtual result. Hence while the Rotax engine has a 𝑏𝑠𝑓𝑐0 of 6.93900𝐸 −
08 𝑘𝑔/𝑊𝑠, the virtual result given by the empirical model, for a 𝑏𝑝𝑚𝑎𝑥 of 93 899.9 𝑊, indicated 
a 𝑏𝑠𝑓𝑐0 of 9.81300𝐸 − 08 𝑘𝑔/𝑊𝑠. Therefore the mission fuel consumed with the real engine 
would be considerably lower, since it requires less kg of fuel per Watt in one second. This 
deviation from the empirical model can be explained since the engine selected is recent, with 
new technologies which reduce the fuel consumption, compared to older engines from the data 
base.  Furthermore, this empirical model is a simple approximation which translates 𝑏𝑠𝑓𝑐0 as 
dependent only of 𝑏𝑝𝑚𝑎𝑥, whereas in reality it depends on much more factors (volume 
displacement, four or two stroke engines, carburetor or fuel injector engines, etc). Although 
the 𝑏𝑠𝑓𝑐0 overestimates the optimized result, it still minimizes the mission fuel consumed in 
satisfactory terms, validating the practicality of the empirical IC models obtained. 
 
Regarding the mission performance parameters solution, it is possible to observed that the rate 
of climb angle, 𝛾𝑚𝑎𝑥, imposed a tight bound on the result, preventing the mission solution from 
reaching a more optimized value. Additionally, the runway distance, 𝑆𝑔, is considerably lower 
for case 2 (selected engine and propeller) since the selected engine is much lighter than the 
empirical result. This is due to the fact, as explained before, that the Rotax engine has much 
more recent technology when compared to other engine data elements, and thus is lighter. At 
last, it is also interesting to note how altitude considerably affects the mission rate of climb at 
service ceiling, 𝑅𝐶𝑠𝑐𝑚𝑖𝑛, when compared to the maximum rate of climb at sea level, 𝑅𝐶𝑚𝑎𝑥. 
 
Both the 𝑁𝑚𝑎𝑥 and the  𝛾𝑚𝑎𝑥 constraints imposed tight limits for the feasible space, and as a 
result the optimum solution obtained matches the most minimum possible fuel consumption, 
but only inside the boundaries set. Hence, since it is a local minimum and not the global one, 
the gradients of the objective function did not converge to zero, but to the minimum possible 
solution given the constraint limitations.  The behavior of the objective function and the design 
variables, for case 1, during the iteration process performed by the algorithm is displayed in 
Fig. 4.8, 4.9, 4.10 and 4.11, in order to observed how the variable converged and stabilized 
before reaching the final solution. Most of the variable convergence process was already 
explained in the section 4.1.  
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Figure 4.6 Convergence of the objective function, for case 1, into a stabilized solution for the Hoji 




































Figure 4.9 Convergence of the propeller design variables, for case 1, into a stabilized solution for the 
Hoji during the iteration process 
 
The IC engine selected meets the objective, minimizing the mission fuel consumed and 
validating the practicality of the empirical engine models obtained, although these models 































5  Conclusions  
 
One of the objectives established in this dissertation were the creation of two data bases, one 
with the IC engine specifications and another with the electric motor specifications, in order 
to develop empirical models as functions of certain design variables. These design variables 
were then introduced in the optimization software, to be optimized alongside the propeller 
and to match the most suitable propulsion system to the optimum solution obtained. 
 
Both data bases were successfully created, and all empirical models obtained, although with a 
certain error associated with the coefficients of the functions. The specific fuel consumption 
model, specially, was the hardest to obtain since information regarding the engine specific 
consumption is not always available. Additionally, as stated before, the specific fuel 
consumption approximation was translated as being dependent only on engine rated power, 
when in reality it depends on many more factors. The remaining empirical models obtained 
provided, however, more reliable approximations.   
 
The design variables selected to be introduced in the algorithm, which are the inputs of the 
empirical models, were 𝑏𝑝𝑚𝑎𝑥 and 𝑁𝑚𝑎𝑥 for the IC engine, and 𝐼𝑚𝑎𝑥 and 𝐾𝑣 for the electric 
motor. After modifications were made to the software, the optimization algorithm started to 
optimize these design variables, and when the optimum solution was achieved, it selected from 
the data base the engine with the least deviations from the empirical models solution. 
 
Regarding the mission performance calculations, another objective of this dissertation, they 
were successfully inputted into the software, and the algorithm was optimizing according to 
the feasible space defined not only by the propeller and engine boundaries, but also by the 
mission constraints the user may choose to define.  
 
The results obtained confirmed the practicality of the engine empirical models, given good 
matches (although not perfect) to the optimum solution reached. The design variables and the 
objective function were converging correctly to a stabilized solution, and the gradients 
presented a descent until they also stabilized in the most minimum possible solution, 
considering the feasible space.  
 
5.1 Future Works     
For future studies related to this optimization software, it would be interesting to run the 
optimization with a different algorithm. Instead of a deterministic one, it would prove more 
challenging to implement a genetic algorithm to see what results it would generate in the 
search for the global minimum, and if they would deviate considerably or not from the previous 
results obtained with the FFSQP subroutines.  
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Furthermore, optimizing the mission trajectory to reach a certain destination and thus spending 
less resources, would also prove very ambitious, since until now the software only optimizes a 
certain mission trajectory inputted by the user.  
 
It would also prove interesting and advisable to consider a reduction gear box not only in the 
IC engine models, but also in the electric motor models, and to additionally differentiate motor 
mass from gear box mass.   
 
In conclusion, aircraft optimization certainly is an utmost challenging problem, which always 
presents trials and difficulties in which to improve. Further investigations in this field are 
always advantageous and relevant to the development of aircraft performance, and even the 
adversities may prove significant in leading optimization studies into progress and 
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Table A-I. Index of each IC engine name  
INDEX  ENGINE NAME  
1 LYCOMING GSO-480-B1B3 
2 LYCOMING GSO-480-B1B6, -B1J6 
3 LYCOMING GSO-480-B1A6, -B2D6 
4 LYCOMING GSO-480-B1C6, -B2C6 
5 LYCOMING GSO-480-B1F6 
6 LYCOMING GSO-480-A1A6 
7 LYCOMING GSO-480-B1E6, -B2H6 
8 LYCOMING GSO-480-B1G6, -B2G6 
9 LYCOMING GO-480-C2C6 
10 LYCOMING GO-480-C2D6 
11 LYCOMING GO-480-G2D6, -G2F6 
12 LYCOMING GO-480-C1B6 
13 LYCOMING GO-480-G1B6 
14 LYCOMING GO-480-G1J6 
15 LYCOMING GO-480-G1A6 
16 LYCOMING GO-480-G1D6 
17 LYCOMING GO-480-G1H6 
18 LYCOMING GO-480-C1D6 
19 LYCOMING GO-480-F6 
20 LYCOMING GO-480-F1A6 
21 LYCOMING GO-480-B1B 
22 LYCOMING GO-480-B1C 
23 LYCOMING GO-480-B, B1A6, -B1D 
24 LYCOMING GO-480-D1A 
25 LYCOMING O-540-A3D5 
26 LYCOMING O-540-A1A, -A1A5, -A4A5 
27 LYCOMING O-540-A1B5, -A1C5, -A4B5 
28 LYCOMING O-540-A1D, -A4C5, -A1D5, -A45 
29 LYCOMING O-540-A2B 
30 LYCOMING O-540-F1B5 
31 LYCOMING O-540-B2C5 
32 LYCOMING O-540-B1D5 
33 LYCOMING O-540-B1A5, -B2A5, -B4A5 
34 LYCOMING O-540-B1B5, -B2B5, -B4B5 
35 LYCOMING HO-360 -B1A, -B1B 
36 LYCOMING O-360-C2B, -C2D 
37 LYCOMING O-360-B2A, -B2C 
38 LYCOMING O-360-D2A 
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39 CONTINENTAL MOTORS O-300-A,-B,-C & D 
40 CONTINENTAL MOTORS O-C145 
41 LYCOMING O-290-D2A,-D2B,-D2C 
42 LYCOMING O-235 -J2A 
43 LYCOMING O-235-G1 
44 LYCOMING O-235-G2A 
45 LYCOMING O-235-F2B 
46 LYCOMING O-235 -F2A 
47 LYCOMING O-235-F1B 
48 LYCOMING O-290-D 
49 CONTINENTAL MOTORS O-C125 
50 LYCOMING O-235-M1 
51 LYCOMING O-235-K2B 
52 LYCOMING O-235 -L2A 
53 LYCOMING O-235-K2A 
54 LYCOMING O-235-L2C 
55 LYCOMING O-235-K2C 
56 LYCOMING O-235 -P2A 
57 LYCOMING O-235-N2A 
58 LYCOMING O-235-N2C 
59 LYCOMING O-235-E1B 
60 LYCOMING O-235-E2A 
61 LYCOMING O-235-C2C 
62 LYCOMING O-235 -H2C 
63 LYCOMING O-235-C1 
64 LYCOMING O-235-C1C 
65 LYCOMING O-235-C2A 
66 LYCOMING O-235-C2B 
67 LYCOMING O-235-C 
68 LYCOMING O-235-C1B 
69 Limbach L 2400 DT.X 
70 Limbach L 2400 DT/ET 
71 Limbach L 2400 DF/EF 
72 Limbach L 2400 EB 
73 Limbach L 2000 EB 
74 LIMBACH L 550 E 
75 LIMBACH L 550 EF 
76 LIMBACH L 275 EF 















91 Rotax 914 UL/F 
92 Rotax 912 ULS/S 


































127 3W 342i B2 
128 3W 342i B2 TS 
129 3W 275Xi B2R TS 
130 3W 220i B4 
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131 3W 170Xi B2 TS 
132 3W 170Xi B2 
133 3W 210Xi B2 TS 
134 3W 157Xi B2 TS 
135 3W 157Xi B2 
136 3W 140i B4 
137 RCGF 120cc-T 
138 3W 112i B4 
139 3W 110i B2 
140 3W 110i R2 
141 3W 85Xi TS 
142 3W 85Xi 
143 3W 80Xi TS 
144 3W 80Xi 
145 RCGF 70cc-T 
146 RCGF 60cc 
147 3W 70i B2 
148 RCGF 60cc-T 
149 RCGF 56cc 
150 O.S. ENGINES GT60 
151 3W 55Xi 
152 3W 55i 
153 3W 56i B2 
154 RCGF 40cc-T 
155 RCGF 50cc-T 
156 RCGF 40cc-TS 
157 RCGF 35cc RE 
158 RCGF 32cc 
159 O.S. ENGINES GT33 
160 O.S. ENGINES GF40 
161 RCGF 30cc-T 
162 3W 28i CS 
163 3W 28i 
164 O.S. ENGINES 1.20 AX 
165 RCGF 26cc BM 
166 O.S. ENGINES 95 AX 
167 RCGF 20cc SBM 
168 RCGF 20cc RE 
169 RCGF 21cc-T 
170 O.S. ENGINES GF30 
171 O.S. ENGINES GT22 
172 O.S. ENGINES FS155-a 
173 O.S. ENGINES GT15 
174 O.S. ENGINES 75 AX 
175 RCGF 15cc BM 
176 O.S. ENGINES GGT15 
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177 O.S. ENGINES FS-120 III-P 
178 O.S. ENGINES FT-160 
179 RCGF 10cc RE 
180 RCGF 10cc 
181 O.S. ENGINES 65 AX 
182 O.S. ENGINES 55 AX ABL 
183 O.S. ENGINES FS-95V 
184 O.S. ENGINES 46 AX II ABL 
185 O.S. ENGINES GGT10 
186 O.S. ENGINES 35AX 
187 O.S. ENGINES MAX-46LA-S 
188 O.S. ENGINES FSa-72II 
189 O.S. ENGINES FS72-a 
190 O.S. ENGINES FS-62V 
191 O.S. ENGINES MAX-40LA-S 
192 O.S. ENGINES FS56-a 
193 O.S. ENGINES FSa-56II 
194 O.S. ENGINES 25FX 
195 O.S. ENGINES MAX-25LA-S 
196 O.S. ENGINES MAX-15LA-S 
197 O.S. ENGINES 15LA 
 
Table A-II. IC engine specifications data table  
index 
𝑏𝑝𝑚𝑎𝑥   
[𝑊]  






[𝑘𝑔 𝑊𝑠⁄ ] 
𝑀  
[𝑘𝑔] 
1 238612.1 3200 700 1 1.39E-07 235 
2 238612.1 3200 700 1 1.39E-07 234 
3 238612.1 3200 700 1 1.39E-07 233 
4 238612.1 3200 700 1 1.39E-07 232 
5 238612.1 3200 700 1 1.39E-07 227 
6 238612.1 3200 700 1 1.39E-07 226 
7 238612.1 3200 700 1 1.39E-07 226 
8 238612.1 3200 700 1 1.39E-07 225 
9 212513.9 3100 700 1 1.01E-07 203 
10 212513.9 3100 700 1 1.01E-07 200 
11 212513.9 3100 700 1 1.01E-07 200 
12 208785.6 3000 700 1 9.38E-08 210 
13 208785.6 3000 700 1 9.38E-08 210 
14 208785.6 3000 700 1 9.38E-08 203 
15 208785.6 3000 700 1 9.38E-08 202 
16 208785.6 3000 700 1 9.38E-08 201 
17 208785.6 3000 700 1 9.38E-08 200 
18 208785.6 3000 700 1 9.38E-08 199 
19 197600.6 3100 700 1 1.10E-07 200 
20 197600.6 3100 700 1 1.10E-07 198 
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21 193872.3 3000 700 1 1.01E-07 199 
22 193872.3 3000 700 1 1.01E-07 197 
23 193872.3 3000 700 1 1.01E-07 196 
24 193872.3 3000 700 1 9.80E-08 206 
25 186415.7 2575 700 1 9.46E-08 187 
26 186415.7 2575 700 1 9.46E-08 184 
27 186415.7 2575 700 1 9.46E-08 184 
28 186415.7 2575 700 1 9.46E-08 184 
29 186415.7 2575 700 1 9.46E-08 180 
30 175230.7 2800 700 1 9.21E-08 181 
31 175230.7 2575 700 1 9.77E-08 182 
32 175230.7 2575 700 1 9.77E-08 180 
33 175230.7 2575 700 1 9.77E-08 179 
34 175230.7 2575 700 1 9.77E-08 179 
35 134219.3 2900 700 1 9.55E-08 131 
36 134219.3 2700 700 1 8.96E-08 131 
37 125271.3 2700 700 1 9.97E-08 129 
38 125271.3 2700 700 1 9.97E-08 128 
39 108121.1 2700 700 1 8.91E-08 122 
40 108121.1 2700 700 1 8.91E-08 122 
41 100664.5 2600 700 1 9.29E-08 120 
42 93207.84 2800 700 1 8.68E-08 115 
43 93207.84 2800 700 1 8.68E-08 115 
44 93207.84 2800 700 1 8.68E-08 115 
45 93207.84 2800 700 1 8.68E-08 114 
46 93207.84 2800 700 1 8.68E-08 113 
47 93207.84 2800 700 1 8.68E-08 113 
48 93207.84 2600 700 1 9.80E-08 118 
49 93207.84 2550 700 1 9.19E-08 117 
50 87988.2 2800 700 1 8.16E-08 116 
51 87988.2 2800 700 1 8.16E-08 115 
52 87988.2 2800 700 1 8.16E-08 114 
53 87988.2 2800 700 1 8.16E-08 114 
54 87988.2 2800 700 1 8.16E-08 114 
55 87988.2 2800 700 1 8.16E-08 113 
56 87242.54 2550 700 1 8.49E-08 116 
57 87242.54 2550 700 1 8.49E-08 114 
58 87242.54 2550 700 1 8.49E-08 113 
59 85751.21 2800 700 1 1.07E-07 113 
60 85751.21 2800 700 1 1.07E-07 113 
61 85751.21 2800 700 1 1.07E-07 111 
62 85751.21 2800 700 1 1.07E-07 110 
63 85751.21 2800 700 1 1.07E-07 110 
64 85751.21 2800 700 1 1.07E-07 110 
65 85751.21 2800 700 1 1.07E-07 110 
66 85751.21 2800 700 1 1.07E-07 110 
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67 85751.21 2800 700 1 1.07E-07 109 
68 85751.21 2800 700 1 1.07E-07 109 
69 118000 3000 1000 1 9.97E-08 86 
70 96000 3000 1000 1 7.08E-08 86 
71 74000 3000 1000 1 7.36E-08 76 
72 62000 3000 1000 1 9.03E-08 82 
73 51000 3000 1000 1 9.41E-08 76.5 
74 37000 7500 1000 1 1.28E-07 16 
75 37000 7500 1000 1 1.13E-07 15 
76 18000 7500 1000 1 1.17E-07 7 
77 15000 7200 1000 1 1.36E-07 7.2 
78 71300 3300 750 1 8.18E-08 72.3 
79 78900 3300 750 1 8.18E-08 72.3 
80 78900 3300 750 1 8.18E-08 74.8 
81 73500 3000 750 1 8.18E-08 72.3 
82 86800 3300 750 1 7.64E-08 78.4 
83 95600 3300 750 1 8.25E-08 78.4 
84 95600 3300 750 1 8.25E-08 81 
85 103000 3300 750 1 7.37E-08 100 
86 117700 3300 750 1 7.64E-08 100 
87 117700 3300 750 1 7.64E-08 104 
88 132400 3300 750 1 7.91E-08 108 
89 147000 3300 750 1 7.99E-08 108 
90 147000 3300 750 1 7.99E-08 108 
91 84500 5800 1500 0.4115 6.94E-08 68 
92 73500 5800 1500 0.4115 7.92E-08 60.5 
93 58000 5500 1500 0.4405 7.92E-08 59.4 
94 48000 6500 2500 0.5 1.18E-07 43.3 
95 48000 6500 2500 0.45 1.18E-07 43.3 
96 48000 6500 2500 0.39 1.18E-07 43.3 
97 48000 6500 2500 0.38 1.18E-07 46.8 
98 48000 6500 2500 0.33 1.18E-07 46.8 
99 48000 6500 2500 0.29 1.18E-07 46.8 
100 48000 6500 2500 0.25 1.18E-07 46.8 
101 48000 6500 2500 0.38 1.18E-07 50 
102 48000 6500 2500 0.33 1.18E-07 50 
103 48000 6500 2500 0.29 1.18E-07 50 
104 48000 6500 2500 0.25 1.18E-07 50 
105 37000 6500 2500 0.5 1.53E-07 45.4 
106 37000 6500 2500 0.45 1.53E-07 45.4 
107 37000 6500 2500 0.39 1.53E-07 45.4 
108 37000 6500 2500 0.38 1.53E-07 48.9 
109 37000 6500 2500 0.33 1.53E-07 48.9 
110 37000 6500 2500 0.29 1.53E-07 48.9 
111 37000 6500 2500 0.25 1.53E-07 48.9 
112 37000 6500 2500 0.38 1.53E-07 52.1 
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113 37000 6500 2500 0.33 1.53E-07 52.1 
114 37000 6500 2500 0.29 1.53E-07 52.1 
115 37000 6500 2500 0.25 1.53E-07 52.1 
116 29500 6500 2500 0.5 1.39E-07 40.6 
117 29500 6500 2500 0.45 1.39E-07 40.6 
118 29500 6500 2500 0.39 1.39E-07 40.6 
119 29500 6500 2500 0.38 1.39E-07 44.1 
120 29500 6500 2500 0.33 1.39E-07 44.1 
121 29500 6500 2500 0.29 1.39E-07 44.1 
122 29500 6500 2500 0.25 1.39E-07 44.1 
123 29500 6500 2500 0.38 1.39E-07 47.3 
124 29500 6500 2500 0.33 1.39E-07 47.3 
125 29500 6500 2500 0.29 1.39E-07 47.3 
126 29500 6500 2500 0.25 1.39E-07 47.3 
127 23160 6500 700 1 1.23E-07 8.57 
128 23160 6500 700 1 1.23E-07 6.5 
129 19120 7000 700 1 1.29E-07 7.03 
130 16030 7500 700 1 1.37E-07 6.2 
131 13970 8500 700 1 1.44E-07 4.11 
132 13300 8500 700 1 1.47E-07 3.93 
133 13230 7500 700 1 1.47E-07 5 
134 12860 8500 700 1 1.49E-07 4.11 
135 12500 8500 700 1 1.50E-07 3.93 
136 10300 8500 700 1 1.63E-07 4 
137 9321 7600 700 1 1.71E-07 2.93 
138 8970 7000 700 1 1.74E-07 3.87 
139 8680 8500 700 1 1.77E-07 3.05 
140 7830 8500 700 1 1.86E-07 3.49 
141 6910 8500 700 1 1.99E-07 2.39 
142 6760 8500 700 1 2.01E-07 2.4 
143 6400 8500 700 1 2.08E-07 2.5 
144 6250 8500 700 1 2.10E-07 2.38 
145 5518 8600 700 1 2.26E-07 1.81 
146 5100 8500 700 1 2.38E-07 1.62 
147 4850 8500 700 1 2.45E-07 1.95 
148 4700 8600 700 1 2.50E-07 1.86 
149 4500 7500 700 1 2.57E-07 1.54 
150 4474 8000 700 1 2.58E-07 1.68 
151 4010 8500 700 1 2.78E-07 1.79 
152 3820 8500 700 1 2.87E-07 1.94 
153 3800 8500 700 1 2.88E-07 1.85 
154 3580 8600 700 1 3.00E-07 1.54 
155 3510 8600 700 1 3.04E-07 1.73 
156 3430 8600 700 1 3.09E-07 1.32 
157 3057 9000 700 1 3.36E-07 1.15 
158 2900 9000 700 1 3.49E-07 1.16 
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159 2871 9000 700 1 3.52E-07 0.98 
160 2796 8600 700 1 3.59E-07 1.38 
161 2759 7500 700 1 3.63E-07 1.15 
162 2650 8500 700 1 3.74E-07 1.21 
163 2500 8500 700 1 3.91E-07 1.21 
164 2312 9000 700 1 4.15E-07 0.89 
165 2200 9800 700 1 4.32E-07 0.94 
166 2133 15000 700 1 4.43E-07 0.75 
167 2100 10500 700 1 4.48E-07 0.84 
168 2100 10500 700 1 4.48E-07 0.8 
169 2088 8500 700 1 4.50E-07 0.92 
170 2058 9000 700 1 4.55E-07 1.2 
171 1983 9000 700 1 4.69E-07 1 
172 1909 10000 700 1 4.84E-07 0.9 
173 1767 15000 700 1 5.16E-07 0.9 
174 1767 15000 700 1 5.16E-07 0.75 
175 1760 15000 700 1 5.17E-07 0.77 
176 1730 15000 700 1 5.25E-07 0.79 
177 1544 12000 700 1 5.77E-07 1 
178 1491 10000 700 1 5.94E-07 1.1 
179 1400 12000 700 1 6.27E-07 0.62 
180 1400 12000 700 1 6.27E-07 0.57 
181 1290 16000 700 1 6.73E-07 0.5 
182 1253 16000 700 1 6.90E-07 0.53 
183 1253 10000 700 1 6.90E-07 0.65 
184 1215 16000 700 1 7.09E-07 0.49 
185 1178 10000 700 1 7.28E-07 0.56 
186 954 16000 700 1 8.78E-07 0.36 
187 910 15000 700 1 9.16E-07 0.26 
188 880 12000 700 1 9.44E-07 0.53 
189 880 11000 700 1 9.44E-07 0.53 
190 805 11000 700 1 1.02E-06 0.49 
191 753 15000 700 1 1.09E-06 0.27 
192 738 10000 700 1 1.11E-06 0.46 
193 738 10000 700 1 1.11E-06 0.39 
194 626 18900 700 1 1.29E-06 0.31 
195 455 15000 700 1 1.74E-06 0.19 
196 313 17000 700 1 2.49E-06 0.13 













Table B-I. Index of each electric motor name 
INDEX MOTOR NAME 
1 TURNIGY Park250 - 1680kv 
2 TURNIGY Park250 - 2050kv 
3 TURNIGY Park250 - 2200kv 
4 TURNIGY Park300 - 1380kv 
5 TURNIGY Park300 - 1600kv 
6 TURNIGY Park450 - 890kv 
7 TURNIGY Park450 - 1050kv 
8 TURNIGY Park450 - 1200kv 
9 TURNIGY Park480 - 850kv 
10 TURNIGY Park480  1020kv 
11 TURNIGY Park480 - 1320kv 
12 TURNIGY D2836/8 - 1100KV 
13 TURNIGY D2836/9 - 950KV 
14 TURNIGY D2836/11 - 750KV 
15 TURNIGY D3530/14 - 1100KV 
16 TURNIGY D3536/5 - 1450KV 
17 TURNIGY D3536/6 - 1250KV 
18 TURNIGY D3536/8 - 1000KV 
19 TURNIGY D3536/9 - 910KV 
20 TURNIGY D3542/4 - 1450KV 
21 TURNIGY D3542/5 - 1250KV 
22 TURNIGY D3542/6 - 1000KV 
23 TURNIGY D3548/4 - 1100KV 
24 TURNIGY D3548/6 - 790KV 
25 TURNIGY RotoMax 1.20 
26 TURNIGY RotoMax 1.40 
27 TURNIGY RotoMax 1.60 
28 TURNIGY TrackStar 3.5T  9150KV 
29 TURNIGY TrackStar 5.5T  6069KV 
30 TURNIGY TrackStar 6.5T  5150KV 
31 TURNIGY TrackStar 8.5T 3983KV 
32 TURNIGY TrackStar 10.5T 3250KV 
33 TURNIGY TrackStar 13.5T 2590KV 
34 TURNIGY TrackStar 17.5T 1870KV 
35 TURNIGY TrackStar SCT 4T  5120KV 
36 TURNIGY TrackStar SCT 4.5T 4550KV 
37 TURNIGY TrackStar SCT 5T  4150KV 
38 TURNIGY TrackStar SCT 5.5T  3750KV 
39 TURNIGY Multistar V-Spec 1104-3600KV CW 
40 TURNIGY Multistar V-Spec 1304-3100KV CW 
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41 TURNIGY MultiStar V-Spec 1808-2400KV CW 
42 TURNIGY Multistar 2312-460Kv HV 
43 TURNIGY Multistar 2810-750kv CCW 
44 TURNIGY Multistar 3508-380KV 
45 TURNIGY Multistar 3508-580KV 
46 TURNIGY Multistar 3508-700KV 
47 TURNIGY Multistar 3510-350kv 
48 TURNIGY Multistar 3525-650Kv 
49 TURNIGY Multistar 3525-850Kv 
50 TURNIGY Multistar 4010-375KV 
51 TURNIGY Multistar 4010-485KV 
52 TURNIGY Multistar 4010-580KV 
53 TURNIGY Multistar 4014-320KV 
54 TURNIGY Multistar 4014-400KV 
55 TURNIGY Multistar 4108-380KV 
56 TURNIGY Multistar 4108-480KV 
57 TURNIGY Multistar 4108-600KV 
58 TURNIGY Multistar 4112-320KV 
59 TURNIGY Multistar 4112-400KV 
60 TURNIGY Multistar 4112-485KV 
61 TURNIGY Multistar 4114-320KV 
62 TURNIGY Multistar 4220-650Kv 
63 TURNIGY Multistar 4220-880Kv 
64 TURNIGY Multistar 4225-390Kv 
65 TURNIGY Multistar 4225-610Kv 
66 TURNIGY Multistar 4230-630Kv 
67 TURNIGY Multistar 4822-390Kv 
68 TURNIGY Multistar 4822-490Kv 
69 TURNIGY Multistar 4822-570Kv 
70 TURNIGY Multistar 4822-690Kv 
71 TURNIGY Multistar 4230-400Kv 
72 TURNIGY Multistar 4830-420Kv 
73 TURNIGY Multistar 4830-480Kv 
74 TURNIGY Multistar 5130-350Kv 
75 TURNIGY Multistar 5130-570Kv 
76 TURNIGY Multistar 9225-90KV 
77 TURNIGY Multistar 9225-160KV 
78 TURNIGY Multistar 9235-100KV 
79 TURNIGY SK3 - 2118-2250KV 
80 TURNIGY SK3 - 2118-2750KV 
81 TURNIGY SK3 - 2118-3100KV 
82 TURNIGY SK3 - 2122-1570KV 
83 TURNIGY SK3 - 2122-2100KV 
84 TURNIGY SK3 - 2822-1090kv 
85 TURNIGY SK3 - 2822-1275kv 
86 TURNIGY SK3 - 2822-1740kv 
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87 TURNIGY SK3 - 2826-980kv 
88 TURNIGY SK3 - 2826-1130kv 
89 TURNIGY SK3 - 2826-1240kv 
90 TURNIGY SK3 - 2830-920kv 
91 TURNIGY SK3 - 2830-1020kv 
92 TURNIGY SK3 - 2830-1130kv 
93 TURNIGY SK3 - 2836-1040kv 
94 TURNIGY SK3 - 2836-1500kV 
95 TURNIGY SK3 - 2836-2500kv 
96 TURNIGY SK3 - 3516-3300kv 
97 TURNIGY SK3 - 3530-1150kv 
98 TURNIGY SK3 - 3530-1340kv 
99 TURNIGY SK3 - 3530-1460kv 
100 TURNIGY SK3 - 3536-1050kv 
101 TURNIGY SK3 - 3536-1200kv 
102 TURNIGY SK3 - 3536-1400kv 
103 TURNIGY SK3 - 3542-800kv 
104 TURNIGY SK3 - 3542-1000kv 
105 TURNIGY SK3 - 3542-1185kv 
106 TURNIGY SK3 - 3542-1250kv 
107 TURNIGY SK3 - 3548-700kv 
108 TURNIGY SK3 - 3548-840kv 
109 TURNIGY SK3 - 3548- 1050kv 
110 TURNIGY SK3 - 3659-1600KV 
111 TURNIGY SK3 - 3659-1900kv 
112 TURNIGY SK3 - 3850 - 3.5 960kv 
113 TURNIGY SK3 - 3850 - 3.5 1400kv 
114 TURNIGY SK3 - 3858 - 4.6 840kv 
115 TURNIGY SK3 - 3858 - 4.6 1120kv 
116 TURNIGY SK3 - 3968-1500KV 
117 TURNIGY SK3 - 3994-850kv 
118 TURNIGY SK3 - 4240-530kv 
119 TURNIGY SK3 - 4240-620KV 
120 TURNIGY SK3 - 4240-740KV 
121 TURNIGY SK3 - 4250-350kv 
122 TURNIGY SK3 - 4250-410KV 
123 TURNIGY SK3 - 4250-500KV 
124 TURNIGY SK3 - 4956-520KV 
125 TURNIGY SK3 - 5045-450KV 
126 TURNIGY SK3 - 5045-500KV 
127 TURNIGY SK3 - 5045-660KV 
128 TURNIGY SK3 - 5055-280kv 
129 TURNIGY SK3 - 5055-320kv 
130 TURNIGY SK3 - 5055-430kv 
131 TURNIGY SK3 - 5065-236kv 
132 TURNIGY SK3 - 5065-275kv 
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133 TURNIGY SK3 - 5065-320kv 
134 TURNIGY SK3 - 6354-215kv 
135 TURNIGY SK3 - 6354-260kv 
136 TURNIGY SK3 - 6364-190kv 
137 TURNIGY SK3 - 6364-213kv 
138 TURNIGY SK3 - 6364-245kv 
139 TURNIGY SK3 - 6374-149KV 
140 TURNIGY SK3 - 6374-168KV 
141 TURNIGY SK3 - 6374-192kv 
142 TURNIGY SK8 - 5045-150KV 
143 TURNIGY SK8 5045-195KV 
144 TURNIGY SK8 - 5045-240KV 
145 TURNIGY SK8 - 6354-140KV 
146 TURNIGY SK8 - 6354-200KV 
147 TURNIGY SK8 - 6354-260KV 
148 TURNIGY SK8 - 6364-110KV 
149 TURNIGY SK8 - 6364-190KV 
150 TURNIGY SK8 - 6364-245KV 
151 TURNIGY SK8 - 6374-130KV 
152 TURNIGY SK8 - 6374-149KV 
153 TURNIGY SK8 - 6374-192KV 
154 
PROPDRIVE v2 2628 1000KV (Short Shaft 
Version) 
155 PROPDRIVE v2 2826 1000KV 
156 
PROPDRIVE v2 2826 1000KV (Short Shaft 
Version) 
157 PROPDRIVE V2 2826 1100kv 
158 
PROPDRIVE v2 2826 1100KV (Short Shaft 
Version) 
159 PROPDRIVE v2 2826 1200KV 
160 
PROPDRIVE v2 2826 1200KV (Short Shaft 
Version) 
161 PROPDRIVE v2 2826 1350KV 
162 PROPDRIVE v2 2830 800KV 
163 
PROPDRIVE v2 2830 800KV (Short Shaft 
Version) 
164 PROPDRIVE v2 2830 1000KV 
165 PROPDRIVE v2 2830 1100KV 
166 PROPDRIVE v2 2830 1200KV 
167 PROPDRIVE v2 2836 1200KV 
168 PROPDRIVE v2 2836 1400KV 
169 PROPDRIVE v2 2836 1800KV 
170 PROPDRIVE v2 2836 2200KV 
171 
PROPDRIVE v2 2836 2300KV (Short Shaft 
Version) 
172 PROPDRIVE v2 2836 2700KV 
173 PROPDRIVE v2 3530 1400KV 
174 PROPDRIVE v2 3536 1400KV 
175 PROPDRIVE v2 3536 1800KV 
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176 PROPDRIVE v2 3542 1000KV 
177 PROPDRIVE v2 3542 1250KV 
178 PROPDRIVE v2 3548 900KV 
179 PROPDRIVE v2 3548 1100KV 
180 PROPDRIVE v2 4238 750KV 
181 PROPDRIVE v2 4248 650KV 
182 PROPDRIVE v2 4258 500KV 
183 PROPDRIVE v2 5050 580KV 
184 PROPDRIVE v2 5060 380KV 
185 PROPDRIVE v2 5060 270KV 
186 PROPDRIVE NTM 13-12 2400KV / 40W 
187 PROPDRIVE NTM 13-12 3000KV / 28W 
188 
PROPDRIVE NTM 28-26 1000KV / 235W (short 
shaft version) 
189 PROPDRIVE NTM 28-26 1100kv / 252w 
190 
PROPDRIVE NTM 28-26 1100kv / 252w (short 
shaft version) 
191 PROPDRIVE NTM 28-26A 1200kv / 286w 
192 
PROPDRIVE NTM 28-26A 1200kv / 286w 
(short shaft version) 
193 
PROPDRIVE NTM 28-30S 800KV / 300W (short 
shaft version) 
194 PROPDRIVE NTM 28-36 750KV / 265W 
195 PROPDRIVE NTM 28-36 3000KV / 755W 
196 PROPDRIVE NTM 35-30 1100kv / 380w 
197 PROPDRIVE NTM 35-36A 1400Kv / 550W 
198 
PROPDRIVE NTM EF-1  3842-1300KV / 930W 
(v2) 
199 KEDA 23-28S 1480KV 
200 KEDA 25-29 1250Kv 
201 KEDA 27-28 1070Kv 
202 KEDA 27-28 1130KV 
203 KEDA 28-30 920KV 
204 KEDA 33-28L 1000Kv 
205 KEDA 36-30L 1000Kv 
206 KEDA 36-30M 1100Kv 
207 KEDA 36-36 1000Kv 
208 KEDA 36-42M 930Kv 
209 KEDA 36-48 1030Kv 
210 KEDA 43-62 1650Kv 
211 KEDA 49-55 750Kv 
212 KEDA 49-64 330Kv 
213 KEDA 56-63 195KV 
214 KEDA 63-64 190KV 
215 SCORPION S-1805-2250KV 
216 SCORPION S-1804-1650KV 
217 SCORPION SII-2215-1400KV (V2) 
218 SCORPION SII-2212-1400kv (V2) 
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219 SCORPION SII-2215-1810KV (V2) 
220 SCORPION SII-2215-1127KV (V2) 
221 SCORPION SII-2215-900KV (V2) 
222 SCORPION SII-2212-1850KV (V2) 
223 SCORPION SII-2212-1070KV (V2) 
224 SCORPION SII-2212-960KV (V2) 
225 SCORPION SII-2212-885KV (V2) 
226 SCORPION SII-2208-1280KV (V2) 
227 SCORPION SII-2208-1100KV (V2) 
228 SCORPION SII-2205-1490KV (V2) 
229 SCORPION SII-2205-1585KV (V2) 
230 SCORPION SII-2205-1900KV (V2) 
231 SCORPION S-2503-1960KV (F3P Special) 
232 SCORPION S-2503-1610KV (F3P Special) 
233 SCORPION SII-3032-880KV (V2) 
234 SCORPION SII-3032-690KV (V2) 
235 SCORPION SII-3026-1190KV (V2) 
236 SCORPION SII-3026-890KV (V2) 
237 SCORPION SII-3026-710KV (V2) 
238 SCORPION SII-3020-1110KV (V2) 
239 SCORPION SII-3020-890KV (V2) 
240 SCORPION SII-3020-780KV (V2) 
241 SCORPION SII-3014-1220KV (V2) 
242 SCORPION SII-3014-1040KV (V2) 
243 SCORPION SII-3014-830KV (V2) 
244 SCORPION SII-3008-1220KV (V2) 
245 SCORPION SII-3008-1090KV (V2) 
246 SCORPION SII-4035-450KV 
247 SCORPION SII-4035-380KV 
248 SCORPION SII-4035-330KV 
249 SCORPION SII-4035-250KV 
250 SCORPION SII-4020-630KV 
251 SCORPION SII-4020-540KV 
252 SCORPION SII-4025-520KV 
253 SCORPION SII-4025-440KV 
254 SCORPION SII-4025-330KV 
255 SCORPION SII-4020-420KV 
256 
SCORPION S-5028-220KV (F3A Limited 
Series) 
257 SCORPION SII-5535-190KV 
258 SCORPION SII-5535-160KV 
259 SCORPION SII-5525-195KV 
260 SCORPION SII-5525-210KV 
261 SCORPION SII-5525-170KV 
262 SCORPION SII-6530-150KV 
263 SCORPION SII-6530-180KV 
264 AXI 4120/14 GOLD LINE V2 
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265 AXI 4120/18 GOLD LINE V2 
266 AXI 4120/20 GOLD LINE V2 
267 AXI 4130/16 GOLD LINE V2 
268 AXI 4130/20 GOLD LINE V2 
269 AXI 5320/18 GOLD LINE V2 
270 AXI 5320/28 GOLD LINE V2 
271 AXI 5320/34 GOLD LINE V2 
272 AXI 5325/18 GOLD LINE V2 
273 AXI 5325/20 GOLD LINE V2 
274 AXI 5325/24 GOLD LINE V2 
275 AXI 5325/16 GOLD LINE V2 
276 AXI 5320/18 3D Extreme KV370 V2 
277 AXI 5330/18 GOLD LINE V2 
278 AXI 5330/24 GOLD LINE V2 
279 AXI 5330/F3A GOLD LINE V2 
280 AXI 5325/16 3D Extreme KV350 V2 
281 AXI 8112/10 V2 
282 AXI 8112/14 V2 
283 AXI 8120/8 V2 
284 AXI 8120/10 V2 
285 TURNIGY AX-2804C 1400KV 
286 TURNIGY DT38 620kv 
287 TURNIGY 480S BL  1500kv 
288 TURNIGY 480S BL  3200kv 
289 TURNIGY 1015  11500kv 
290 TURNIGY 1220  10300kv 
291 TURNIGY 3020  1200kv 
292 TURNIGY 3020 1800kv 
293 TURNIGY 3648  1450kv 




Table B-II. Motor specifications data table 
index 
𝐾𝑣 

















1 1680 8 7 0.32 0.2 0.016 
2 2050 8 7 0.23 0.2 0.016 
3 2200 7 7 0.25 0.45 0.014 
4 1380 7 11 0.33 0.4 0.024 
5 1600 9 11 0.18 0.5 0.025 
6 890 14 11 0.2 0.7 0.067 
7 1050 18 11 0.09 0.9 0.066 
8 1200 18 11 0.06 1.1 0.066 
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9 850 28 11 0.09 0.9 0.08 
10 1020 22 11 0.06 1.1 0.081 
11 1320 28 11 0.04 0.9 0.08 
12 1100 18 15 0.107 1 0.07 
13 950 23 15 0.07 1 0.07 
14 750 14 11 0.16 0.8 0.067 
15 1100 22 15 0.077 1.6 0.073 
16 1450 45 15 0.023 3.5 0.13 
17 1250 34 15 0.034 3 0.102 
18 1000 30 15 0.052 1.7 0.102 
19 910 25 15 0.063 1.5 0.102 
20 1450 48 15 0.019 4 0.13 
21 1250 46 15 0.021 3 0.13 
22 1000 38 15 0.031 2.4 0.13 
23 1100 50 19 0.023 3.1 0.159 
24 790 40 19 0.04 1.8 0.159 
25 280 65 30 0.027 1.55 0.622 
26 228 75 37 0.029 1.25 0.715 
27 231 80 37 0.028 1.47 0.849 
28 9150 83 7.4 0.0021 13 0.158 
29 6069 50 7.4 0.0065 7 0.156 
30 5150 43 7.4 0.0085 6.6 0.16 
31 3983 33 11.1 0.0141 5.8 0.158 
32 3250 26 11.1 0.0213 4 0.158 
33 2590 21 14.8 0.0363 3 0.156 
34 1870 17 14.8 0.0513 2 0.156 
35 5120 134 7.4 0.0049 4.7 0.236 
36 4550 128 7.4 0.0057 4 0.236 
37 4150 120 11.1 0.0061 3.6 0.236 
38 3750 112 11.1 0.0069 2.9 0.236 
39 3600 3.5 8 0.64 0.5 0.008 
40 3100 8 8 0.46 0.3 0.01 
41 2400 15.8 11.08 0.078 0.8 0.029 
42 460 8 22.5 0.424 0.3 0.063 
43 750 21.5 14.88 0.108 0.48 0.056 
44 380 14 22.86 0.215 0.3 0.102 
45 580 26 13.08 0.106 0.4 0.102 
46 700 28 12.86 0.083 0.5 0.102 
47 350 15 25 0.16 0.3 0.121 
48 650 17 15 0.178 0.5 0.058 
49 850 23 10.87 0.101 0.6 0.058 
50 375 20 22.5 0.134 0.6 0.128 
51 485 26 19.23 0.085 0.8 0.128 
52 580 32 17.19 0.062 1.1 0.128 
53 320 26 27.69 0.102 0.7 0.163 
54 400 26 28.85 0.075 0.9 0.163 
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55 380 17 21.18 0.225 0.5 0.111 
56 480 22 17.27 0.128 0.6 0.111 
57 600 26 15.38 0.098 0.9 0.111 
58 320 20 33 0.172 0.5 0.147 
59 400 24 28.33 0.172 0.8 0.147 
60 485 28 25 0.09 1.1 0.147 
61 320 30 22 0.126 0.9 0.148 
62 650 17 15 0.12 0.7 0.065 
63 880 22 11 0.066 0.8 0.065 
64 390 15 22 0.24 0.2 0.086 
65 610 22 15 0.091 0.3 0.086 
66 630 37 14.86 0.029 0.8 0.138 
67 390 15 20 0.17 0.25 0.098 
68 490 17 22 0.104 0.45 0.098 
69 570 21 14.76 0.092 0.65 0.098 
70 690 22 14.55 0.052 0.85 0.095 
71 400 25 22 0.079 0.6 0.138 
72 420 29 22.41 0.08 1.1 0.154 
73 480 31 21.94 0.062 1.2 0.154 
74 350 16 25 0.099 0.5 0.152 
75 570 27 14.81 0.032 0.8 0.152 
76 90 36 45 0.186 0.5 0.401 
77 160 48 35 0.065 1.1 0.339 
78 100 57 45 0.055 1 0.674 
79 2250 4 11 0.29 0.752 0.017 
80 2750 5 11 0.22 0.86 0.017 
81 3100 5 7 0.18 1.029 0.017 
82 1570 6 11 0.14 1.175 0.025 
83 2100 7 11 0.12 1.248 0.024 
84 1090 7 11 0.235 0.684 0.031 
85 1275 8 11.5 0.291 0.528 0.03 
86 1740 10 11 0.125 1.005 0.032 
87 980 10 11 0.174 0.748 0.044 
88 1130 13 11 0.12 0.913 0.044 
89 1240 16 11 0.095 1.013 0.045 
90 920 16 11 0.09 1.064 0.057 
91 1020 18 9.39 0.112 0.824 0.055 
92 1130 20 11 0.095 0.906 0.058 
93 1040 28 11 0.075 0.944 0.08 
94 1500 31 11 0.026 2.314 0.08 
95 2500 35 11 0.02 2.752 0.08 
96 3300 55 15 0.019 2.294 0.111 
97 1150 24 15 0.069 1.099 0.076 
98 1340 33 11.94 0.039 1.56 0.071 
99 1460 33 11 0.045 1.372 0.075 
100 1050 34 15 0.039 1.536 0.11 
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101 1200 38 15 0.028 1.954 0.111 
102 1400 40 15 0.021 2.463 0.11 
103 800 42 19 0.037 1.448 0.142 
104 1000 45 15 0.031 1.638 0.141 
105 1185 49 15 0.024 1.973 0.141 
106 1250 54 15 0.022 2.03 0.141 
107 700 45 19 0.035 1.469 0.177 
108 840 50 15 0.025 1.883 0.174 
109 1050 50 15 0.016 2.807 0.176 
110 1600 65 26 0.015 2.605 0.252 
111 1900 80 22.13 0.011 3.096 0.249 
112 960 35 15 0.045 1.332 0.142 
113 1400 47 15 0.016 2.896 0.142 
114 840 45 19 0.031 1.638 0.18 
115 1120 58 15 0.021 2.042 0.18 
116 1500 110 30 0.012 2.439 0.363 
117 850 90 43 0.012 2.699 0.554 
118 530 46 19 0.023 2.116 0.194 
119 620 48 19 0.017 2.714 0.194 
120 740 50 19 0.013 3.38 0.195 
121 350 53 19 0.033 1.426 0.266 
122 410 55 19 0.026 1.732 0.26 
123 500 57 19 0.018 2.364 0.269 
124 520 70 45 0.0214 1.826 0.394 
125 450 58 26 0.025 1.747 0.275 
126 500 60 26 0.022 1.925 0.28 
127 660 60 19 0.014 2.885 0.28 
128 280 60 37 0.031 1.417 0.369 
129 320 65 37 0.027 1.539 0.376 
130 430 70 30 0.019 2.031 0.378 
131 236 60 37 0.019 2.195 0.53 
132 275 65 37 0.017 2.329 0.531 
133 320 70 37 0.014 2.669 0.531 
134 215 65 37 0.032 1.322 0.485 
135 260 70 37 0.023 1.712 0.489 
136 190 65 37 0.028 1.49 0.697 
137 213 65 37 0.023 1.777 0.706 
138 245 70 37 0.018 2.131 0.718 
139 149 70 44 0.021 1.857 0.84 
140 168 70 44 0.019 2.031 0.84 
141 192 80 44 0.016 2.214 0.858 
142 150 15 45 0.253 0.436 0.336 
143 195 20 45 0.128 0.694 0.342 
144 240 30 45 0.087 0.798 0.345 
145 140 42 45 0.098 0.606 0.63 
146 200 55 45 0.046 1.04 0.63 
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147 260 70 45 0.027 1.483 0.63 
148 110 40 45 0.107 0.574 0.785 
149 190 60 45 0.038 1.181 0.78 
150 245 80 45 0.023 1.6 0.78 
151 130 65 45 0.049 0.903 0.94 
152 149 80 45 0.043 0.914 0.937 
153 192 100 45 0.024 1.376 0.94 
154 1000 14 17 0.166 0.658 0.058 
155 1000 15 17 0.14 0.74 0.059 
156 1000 20 17 0.166 0.55 0.06 
157 1100 20 17 0.14 0.64 0.059 
158 1100 20 17 0.14 0.64 0.06 
159 1200 20 17 0.166 0.55 0.059 
160 1200 20 17 0.114 0.769 0.06 
161 1350 20 17 0.098 0.881 0.058 
162 800 20 17 0.161 0.565 0.065 
163 800 20 17 0.161 0.565 0.069 
164 1000 25 17 0.114 0.687 0.069 
165 1100 26 17 0.097 0.779 0.069 
166 1200 28 17 0.079 0.901 0.069 
167 1200 48 14.8 0.023 2.071 0.082 
168 1400 45 14.8 0.053 1.014 0.082 
169 1800 30 17 0.03 2.07 0.082 
170 2200 50 14.8 0.023 2.029 0.083 
171 2300 45 17 0.053 1.014 0.079 
172 2700 50 14.8 0.016 2.807 0.082 
173 1400 37 17 0.026 2.116 0.09 
174 1400 45 17 0.016 2.96 0.121 
175 1800 70 17 0.01 3.606 0.126 
176 1000 47 17 0.025 1.942 0.155 
177 1250 56 17 0.017 2.511 0.156 
178 900 55 17 0.023 1.933 0.178 
179 1100 70 14.8 0.014 2.669 0.185 
180 750 56 17 0.029 1.557 0.156 
181 650 70 21 0.023 1.712 0.231 
182 500 60 25.9 0.028 1.552 0.3 
183 580 90 22.2 0.014 2.351 0.331 
184 380 90 36 0.022 1.569 0.438 
185 270 90 29.6 0.036 1.01 0.438 
186 2400 4 11 0.4837 0.476 0.005 
187 3000 3.9 8 0.4969 0.47 0.0056 
188 1000 15 15 0.1185 0.859 0.054 
189 1100 20 15 0.0873 0.977 0.057 
190 1100 20 15 0.0873 0.977 0.054 
191 1200 17 15 0.1038 0.908 0.0576 
192 1200 17 15 0.1038 0.908 0.0536 
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193 800 20 23 0.0873 0.977 0.065 
194 750 18 15 0.0976 0.932 0.087 
195 3000 55 15 0.0298 1.535 0.087 
196 1100 32 15 0.0529 1.205 0.088 
197 1400 55 15 0.0298 1.535 0.117 
198 1300 65 15 0.0249 1.654 0.155 
199 1480 11 11 0.1649 0.748 0.032 
200 1250 14 11 0.1276 0.833 0.046 
201 1070 9.5 11 0.1927 0.7 0.048 
202 1130 7.7 11 0.241 0.637 0.043 
203 920 6.8 11 0.275 0.603 0.057 
204 1000 9 11 0.2041 0.683 0.057 
205 1000 20.5 15 0.085 0.988 0.078 
206 1100 36.5 15 0.046 1.278 0.153 
207 1000 21.4 12 0.0812 1.007 0.115 
208 930 35 15 0.0481 1.254 0.152 
209 1030 28 15 0.061 1.135 0.1895 
210 1650 65 22 0.0249 1.654 0.29 
211 750 37 15 0.0454 1.286 0.291 
212 330 50 22 0.0329 1.471 0.39 
213 195 80 22 0.02 1.815 0.5 
214 190 90 37 0.0176 1.914 0.67 
215 2250 7 6.4 0.4 0.25 0.016 
216 1650 5 6.4 0.4 0.25 0.012 
217 1400 35 14.8 0.095 0.95 0.069 
218 1400 25 14.8 0.091 0.73 0.058 
219 1810 25 11.1 0.031 1.35 0.069 
220 1127 20 11.1 0.078 0.73 0.069 
221 900 16 14.8 0.142 0.52 0.069 
222 1850 22 11.1 0.032 1.31 0.058 
223 1070 15 11.1 0.091 0.59 0.058 
224 960 13 14.8 0.139 0.51 0.058 
225 885 13 14.8 0.151 0.41 0.058 
226 1280 14 11.1 0.15 0.47 0.045 
227 1100 12 11.1 0.17 0.41 0.045 
228 1490 10 11.1 0.188 0.42 0.035 
229 1585 10 11.1 0.182 0.47 0.035 
230 1900 12 11.1 0.128 0.58 0.035 
231 1960 11 7.27 0.135 0.44 0.02 
232 1610 10 7.2 0.18 0.35 0.02 
233 880 70 17.5 0.012 3.12 0.275 
234 690 60 17.5 0.022 2.71 0.275 
235 1190 80 17.5 0.008 3.26 0.205 
236 890 70 14.8 0.014 1.9 0.205 
237 710 60 18.5 0.022 1.56 0.205 
238 1110 60 14.8 0.016 2.08 0.166 
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239 890 45 18.5 0.02 1.42 0.166 
240 780 40 18.5 0.03 1.21 0.166 
241 1220 46 14.8 0.018 1.64 0.129 
242 1040 40 14.8 0.0263 1.35 0.129 
243 830 30 14.8 0.042 1.06 0.129 
244 1220 32 14.8 0.042 0.97 0.095 
245 1090 26 14.8 0.058 0.79 0.095 
246 450 80 29.6 0.026 1.71 0.435 
247 380 70 29.6 0.025 1.52 0.435 
248 330 65 37 0.031 1.41 0.435 
249 250 65 44.4 0.037 0.69 0.45 
250 630 95 25.2 0.015 1.54 0.288 
251 540 85 25.2 0.02 1.22 0.288 
252 520 100 25.2 0.016 1.4 0.353 
253 440 85 25.9 0.025 1.1 0.353 
254 330 75 29.6 0.037 0.74 0.353 
255 420 70 22.2 0.032 0.91 0.288 
256 220 70 34.8 0.032 0.98 0.576 
257 190 95 44.4 0.022 1.24 0.906 
258 160 90 44.4 0.027 1.11 0.906 
259 195 80 37 0.034 0.88 0.708 
260 210 90 36.9 0.026 1.11 0.708 
261 170 70 37 0.042 0.78 0.708 
262 150 95 44.4 0.032 1.15 1.043 
263 180 110 44.5 0.022 1.26 1.043 
264 660 57 17.81 0.041 1.9 0.315 
265 515 59 25.42 0.07 1.3 0.315 
266 465 53 21.89 0.082 1.4 0.315 
267 385 61 29.18 0.063 1.2 0.41 
268 305 56 29.46 0.099 1.1 0.41 
269 370 78 23.72 0.023 1.3 0.515 
270 249 52 30.77 0.057 1.3 0.515 
271 206 47 39.36 0.084 1.1 0.515 
272 308 81 30.12 0.032 1.6 0.595 
273 280 79 30.76 0.037 1.9 0.595 
274 232 76 37.5 0.045 1.6 0.595 
275 350 86 30.81 0.026 2 0.595 
276 370 79 24.05 0.023 1.3 0.53 
277 259 76 37.76 0.032 1.9 0.672 
278 197 59 37.63 0.057 1.4 0.672 
279 235 73 38.08 0.045 1.7 0.672 
280 350 86 31.4 0.026 2 0.64 
281 215 85 32.94 0.033 1.4 0.53 
282 165 75 40 0.071 1.4 0.53 
283 190 95 42.11 0.035 1.6 0.675 
284 140 95 44.21 0.047 1.2 0.675 
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285 1400 10 8 0.1 0.5 0.03 
286 620 110 18.5 0.032 1.87 0.365 
287 1500 60 14.8 0.0493 0.9 0.109 
288 3200 60 11.1 0.0223 2.8 0.109 
289 11500 4 3.7 0.51 0.4 0.0051 
290 10300 4.3 3.7 0.342 0.4 0.0084 
291 1200 8 11.1 0.31 0.3 0.025 
292 1800 12 11.1 0.145 0.6 0.025 
293 1450 50 32 0.01 4.6 0.181 
294 1400 80 22.2 0.0147 4.2 0.385 
 
